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Abstract: On the basis of numerical computation, the conditions of the modes coupling
are proposed, and the high-frequency modes are coupled, but the low frequency modes are
uncoupled. It is proved that there exist an absorbing set and a global finite dimensional
attractor which is compact and connected in the function space for the high-frequency
modes coupled two Ginzburg-Landau equations(MGLE). The trajectory of driver equa-
tion may be spatio-temporal chaotic. One associates with MGLE, a truncated form of the
equations. The prepared equations persist in long time dynamical behavior of MGLE.
MGLE possess the squeezing properties under some conditions. It is proved that the
complete spatio-temporal chaotic synchronization for MGLE can occur. Synchronization
phenomenon of infinite dimensional dynamical system (IFDDS) is illustrated on the math-
ematical theory qualitatively. The method is different from Liapunov function methods
and approximate linear methods.
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Introduction

Synchronization phenomenon is of fundamental importance in telecommunication, electronic
circuits, nonlinear optics and biological systems. The phenomenon has been studied extensively
by theoretical, numerical and experimental means[1−3]. It is believed that an in-depth study and
understanding of synchronization will greatly benefit the advancement of science and technol-
ogy. Recently, synchronization and control of infinite dimensional dynamical system (IFDDS)
have received great attention[4−7]. The synchronization of finite dimensional dynamical system
(FDDS) had many theoretical results[1−3], but much of the present understanding on synchro-
nization of IFDDS was achieved with the aid of numerical computation. It has not been seen
the complete theoretical results. In Ref.[5] the synchronized chaos in geophysical fluid dynamics
systems has been investigated. The coupling method was the following:

FA
k = μc

k[qA
k − qB

k ] + [μ0 − μc
k][q∗k − qA

k ],

where the flow (the solution q of the equation) has been decomposed spectrally and the sub-
script k on each quantity indicates the wave number, qk indicates spectral component. If the
coupling coefficient μc

k is allowed to vary with the wave number, then we can arrange to couple
the small-scale/high-frequency components while leaving the large-scale modes/low frequency
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components uncoupled, by setting{
μc

k = 0, if |kx| ≤ kx0 , |ky| ≤ ky0 ,

μc
k = μ0[1 − (k0

k )4], otherwise.

The coupling is called as modes high-frequency coupling. In Ref.[8] the occurrence of frequency
synchronization, phase synchronization, generalized synchronization of a pair of unidirection-
ally weakly coupled nonidentical Ginzberg-Landau equations was demonstrated. As everyone
known, the problem for synchronization of IFDDS is an interesting and difficult problem. The
main purpose of this paper is to investigate the spatio-temporal synchronization of two iden-
tical Ginzburg-Landau equations under modes high-frequency coupling from different initial
conditions. In the 90s of the 20th century, Foias and Temam[8] had established a theory for
global attractor and inertial manifolds, and the theory was applied to a type of IFDDS systems
successfully, for example, Navier-Stokes equations, Ginzberg-Landau equations. In 1996, Li and
Wiggins[10] had investigated the following perturbed nonlinear Schrödinger equations:

iqt = qxx + 2[qq̄ − ω2]q + iε[D̂q − Γ], (1)

and proved the existence of a symmetric pair of nontrivial homoclinic orbits, which corresponds
to the existence of spatio-temporal chaos. Let us consider the following Ginzburg-Landau
equation:

q1t + (i + εβ)q1xx + (εk + 2i)|q1|2q1 + (εα − 2ω2i)q1 + εΓ = 0, (2)

where −εβ = λ > 0, εk > 0, εΓ > 0, Ω = [0, L]. q1 is Ω periodic function and

q1(x, 0) = q10(x), x ∈ Ω. (3)

We can prove that there exists a global attractor which is compact, connected and finite dimen-
sional on the basis of the theory of Ref.[9], also can prove that there exists a pair of nontrivial
homoclinic orbits which corresponds to the existence of spatio-temporal chaos on the basis of
the theory of Ref.[10].

In this paper we investigate the complete spatio-temporal chaos synchronization for two iden-
tical Ginzberg-Landau equations under modes high-frequency coupling. The coupling equation
with Eq.(2) is

q2t + (i + εβ)q2xx + (εk + 2i)|q2|2q2 + (εα − 2ω2i)q2 + εΓ = F (q1, q2), (4)

where q2 is also Ω periodic function and

q2(x, 0) = q20(x), x ∈ Ω. (5)

F is modes coupling function defined as Fk = μk(q1
k − q2

k), k = 1, 2, · · · , where q1
k, q2

k are the
projectors of q1, q2 onto the space spanned by Wk, where Wk is an orthonormal eigenvector of
A = −� = − ∂2

∂x2 . Suppose μk is a bounded monotone increasing function:{
μk0 ≤ μk ≤ μ0, when 1 ≤ k0 ≤ k,

μk = 0, when k < k0.

Definition Ginzburg-Landau equations (2) − (5) are called as the complete synchroniza-
tion, if

lim
t−→∞ |q1(x, t) − q2(x, t)| = 0,

where | · | indicates the norm in the function space.



Spatio-temporal Chaotic Synchronization for Ginzburg-Landau Equations 1151

Oftentimes Liapunov function methods and approximate linear methods are adopted to
study the synchronization of FDDS, but it is difficult to use them to study IFDDS. In this
paper, we investigate successfully the synchronization of IFDDS using the theory[9] of absorbing
sets, attractor and inertial manifolds.

The rest of this paper is organized as follows. In Section 1, we present the mathematical
setting for Eqs.(2)–(5) and show the existence of an absorbing set and an attractor. In Section
2, we prepare Eqs.(2) and (4), but it don’t affect long time dynamical behavior, and prove
the squeezing properties. In Section 3, we prove that in the modes high-frequency coupling
Eqs.(2)–(5) can realize the synchronization under some conditions.

1 Absorbing Set and Attractor

For the in-depth investigation of Eqs.(2)–(5), we introduce complex Sobolev space. In gen-
eral, we denote by �X, �Y the complex space of function space X, Y . For example �L2(Ω) is the
complex space of L2(Ω). We denote by (·, ·) and | · | the scalar product and the norm in L2(Ω)
and �L2(Ω), respectively. we write H = L2(Ω), V = �H1

per(Ω). || · || denotes the norm of V . In
the case, Au = −�u, we denote by Wj , λj the eigenvectors (orthonormal in H) and eigenvalues
of A in H , respectively,

AWj = λjWj , j ≥ 1; 0 ≤ λ1 < λ2 < · · · < λj < · · · , λj → ∞ (j → ∞). (6)

For some integer N , we consider the operators PN and QN = I − PN , where PN is the projec-
tor from H onto span{W1, W2, · · · , WN}. Problem (2)–(5) is now equivalent to the following
functional evolution equations:

dq1

dt
+ (−i + λ)Aq1 + (εk + 2i)|q1|q1 + (εα − 2ω2i)q1 + εΓ = 0, (7)

dq2

dt
+ (−i + λ)Aq2 + (εk + 2i)|q2|q2 + (εα − 2ω2i)q2 + εΓ = F (q1, q2), (8)

qj(0) = qj0, j = 1, 2.

The existence and uniqueness of solutions are sufficient to define the semigroup: Sj(t) : qj0 →
qj(t).

We will prove the existence of an absorbing set in H for Eqs.(7) and (8). First, the existence
of an absorbing set for Eq.(7) was proved in Ref.[9]. For the case r = −(εα − εΓ

2 ) and r > 0,
we have

|q1(t)|2 ≤ |q10|2 exp(−2rt) +
1
2r

[
4r2

εk
+ εΓ

]
|Ω|(1 − exp(−2rt)), (9)

lim
t−→∞ sup |q1(t)|2 ≤ ρ2

10, ρ2
10 =

1
2r

[
4r2

εk
+ εΓ

]
|Ω|. (10)

There exists an absorbing set B0 = BH(0, ρ̂10) (any ball of H centered at 0 of radius ρ̂10 > ρ10)
which is positively invariant for the semigroup S1(t). If B is a bounded set of H , included in a
ball B(0, R) of H centered at 0 of radius R. When t ≥ t0 = t0(B, B0), t0 = 1

2r lg R2

(ρ̂10)2−(ρ10)2 ,
S1(t)B ⊂ B0. Integrating in time t from t to t + r̃(r̃ > 0) and supposing q10 ∈ B, t ≥ t0, we
obtain ∫ t+r̃

t

{2λ||q1||2 + εk|q1|4L4 + 2r|q1|2}ds ≤ ρ̂2
10 +

4r2r̃

εk
|Ω| + εΓ|Ω|r̃. (11)

We also consider Eq.(8), analogous to Eq.(7), and obtain

1
2

d

dt
|q2|2 + λ||q2||2 + εk|q2|4L4 + εα|q2|2 + εΓ

∫
Ω

Req̄2dx =
∫

Ω

F (q1, q2)q̄2dx.
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Only considering the case r + h > 0, h = μ0−2μk0
2 ,

εks4

2
− 2(r + h)s2 ≥ − 2

εk
(r + h)2,

d

dt
|q2|2 + 2λ||q2||2 + εk|q2|4L4 + 2(r + h)|q2|2 ≤ 4(r + h)2

εk
|Ω| + εΓ|Ω| + μ0ρ̂

2
10. (12)

Using the Gronwall lemma we see that⎧⎪⎪⎨
⎪⎪⎩

|q2(t)|2 ≤ |q20|2 exp(−2r − 2h)t +
4(r + h)2|Ω| + (εΓ|Ω| + μ0ρ̂

2
10)εk

2(r + h)εk
(1 − exp(−2r − 2h)t),

lim
t−→∞ sup |q2(t)|2 ≤ ρ2

20, ρ2
20 =

4(r + h)2|Ω| + (εΓ|Ω| + μ0ρ̂
2
10)εk

2(r + h)εk
.

(13)

There exists an absorbing set B
′
0 = BH(0, ρ̂20)(any ball of H centered at 0 of radius ρ̂20 > ρ20)

which is positively invariant for the semigroup S2(t). If B is a bounded set of H , included in a
ball B(0, R) of H centered at 0 of radius R. When t ≥ t0 = t0(B, B

′
0) and t0 = 1

2r lg R2

(ρ̂20)2−(ρ20)2 ,

S2(t)B ⊂ B
′
0. Integrating in time t from t to t + r̃(r̃ > 0) and supposing q20 ∈ B, t ≥ t0 we

obtain∫ t+r̃

t

{2λ||q2||2 + εk|q2|4L4 + 2r|q2|2}ds ≤ ρ̂2
20 +

4(r + h)2r̃
εk

|Ω| + εΓ|Ω|r̃ + μ0ρ̂
2
10r̃. (14)

We now prove the existence of an absorbing set for Eqs.(2)–(5) in V . The existence of an
absorbing set in V for Eq.(7) was proved in Ref.[9]. we have

1
2

d

dt
||q1||2 + λ|Δq1|2 + εα||q1||2 − εΓ

∫
Ω

ReΔq̄1dx

=Re(εk + 2i)
∫

|q1|2q1Δq̄1

≤3[(εk)2 + 4]|q1|4L4 |Δq1|4L4 +
|Ω|(εk)2

2λ
+

λ

2
|Δq1|2,

then
d

dt
||q1||2 ≤ 2(−εα + C

′
3|q1|4L4)||q1||2 +

|Ω|
λ

(ελ)2.

At this point we apply the uniform Gronwall lemma with

y = ||q1||2, g = 2(−εα + C
′
3|q1|4L4), h̃ =

|Ω|
λ

(εΓ)2,∫ t+r̃

t

g(s)ds ≤ a1,

∫ t+r̃

t

h̃(s)ds ≤ a2,

∫ t+r̃

t

y(s)ds ≤ a3,

then we can obtain
||q1(t)||2 ≤

(a3

r̃
+ a2

)
exp a1 (t ≥ t0 + r̃), (15)

where r̃ > 0 is arbitrarily chosen, q10 ∈ B. If B is a bounded set of V , then it is also a bounded
set of H . Then S(t)B ⊂ B0 (t ≥ t0(B, B0)); S(t)B ⊂ B1 (t0 ≥ t0 + r̃), where B1 is the ball of
V centered at 0 of radius ρ1,

ρ2
1 = ρ̂2

10 +
(a3

r̃
+ a2

)
exp a1. (16)
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Thus B1 is an absorbing set in V for S1(t). Analogous to Eq.(7), multiplying Eq.(8) by −Δq̄2

and integrating over Ω, using the uniform Gronwall lemma, we have

||q2(t)||2 ≤
(

a
′
3

r̃
+ a

′
2

)
exp a

′
1 (t ≥ t0 + r̃), (17)

where a
′
j , j = 1, 2, 3 are analogous to aj , j = 1, 2, 3 of Eq.(15). Thus we obtain the existence of

an absorbing set B2 = BV (0, ρ2) in V for S2(t). Since the injection from V to H is compact,
we have

Theorem 1 We consider the dynamical system associated with the two Ginzburg-Laudau
equations (2)– (5) supplement by periodic boundary conditions under modes coupling with λ =
−εβ > 0, εk > 0. This dynamical system possesses an attractor 	, which is compact, connected
and maximal in �L2(Ω) × �L2(Ω).

2 Prepared Equations and Squeezing Properties

In order to overcome the difficulties related to the behavior of nonlinear term for large of |q1|
and |q2|, we associate with Eqs.(7), (8) a truncated form of the equations, called the prepared
equations, and that we will define. The prepared equations will persist in long time dynamical
behavior of Eqs.(2)–(5). We choose ρ > 0 such that absorbing sets B1, B2 (and hence 	) are
included in the ball of D(Aα) centered at 0 of radius ρ

2 . We also choose a C∞ function θ:

θ(s) = 1, 0 ≤ s ≤ 1; θ(s) = 0, s ≥ 2; sup
s≥0

|θ′
(s)| ≤ 2.

Let

θρ(s) = θ

(
s

ρ

)
, B(u, u) = (εk + 2i)|u|2u, Bθ(u, u) = θρ(|Aαu|)(εk + 2i)|u|2u.

Then the prepared equations of Eqs.(7) and (8) are

dq1

dt
+ (−i + λ)Aq1 + (εk + 2i)Bθ(q1, q1) + (εα − 2ω2i)q1 + εΓ = 0, (18)

dq2

dt
+ (−i + λ)Aq2 + (εk + 2i)Bθ(q2, q2) + (εα − 2ω2i)q2 + εΓ = F (q1, q2). (19)

For 1
8 ≤ α ≤ 3

8 , the following lemmas are proved easily:

Lemma 1 Bθ is a globally bounded operator from D(Aα) to D(Aα− 1
2 ).

sup
u∈D(Aα)

|Aα− 1
2 Bθ(u, u)| ≤ M1. (20)

Lemma 2 Bθ is a globally Lipschitze mapping from D(Aα) to D(Aα− 1
2 ).

|θρ(|Aαu1|)Aα− 1
2 B(u1, u1) − θρ(|Aαu2|)Aα− 1

2 B(u2, u2)| ≤ M2|Aα(u1 − u2)|. (21)

We now prove the squeezing properties. From Eqs.(18) and (19) we obtain

dPN q1

dt
+ (−i + λ)APN q1 + PN (εk + 2i)Bθ(q1, q1) + (εk − 2ω2i)PN q1 + εΓ = 0,

dPN q2

dt
+ (−i + λ)APN q2 + PN (εk + 2i)Bθ(q2, q2) + (εk − 2ω2i)PN q2 + εΓ = PNF (q1, q2).
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Setting
N ≤ k0 − 1, P = PN (q1 − q2), R = θN(q1 − q2), q = q1 − q2,

then we have

dP

dt
+ (−i + λ)AP + PN (εk + 2i)(Bθ(q1, q1)−Bθ(q2, q2))+ (εk− 2ω2i)P = −PNF (q1, q2). (22)

We multiply Eq.(22) by A2αP̄ and integrate it over Ω, take the real part of the equation, then
we obtain

1
2

d|AαP |2
dt

+ λ|Aα+ 1
2 P |2 ≥− [(εk)2 + 4]

1
2 M2[|AαP | + |AαR|]|Aα+ 1

2 P |
− (εα + μN )|AαP |2. (23)

Similar to those used in the proofs of Eq.(23), we have

dR

dt
+ (−i + λ)AR + QN(εk + 2i)(Bθ(q1, q1) − Bθ(q2, q2)) + (εk − 2ω2i)R = −QNF (q1, q2),

1
2

d|AαR|2
dt

+ λ|Aα+ 1
2 R|2 ≤ −[(εk)2 + 4]

1
2 M2[|AαP | + |AαR|]|Aα+ 1

2 P |
− (εα + μN+1)|AαP |2. (24)

We denote by Σ the cone of V × V ,

Σ = {v ∈ D(Aα), |AαQNv| ≤ μ|AαPNv|, μ > 0}.
If AαR ∈ ∂Σ, then

|AαR| = μ|AαP |, f(z) = −λz2 + [(εk)2 + 4]
1
2 M2(|AαP | + |AαQ|)z

is quadratic function. For z > 1
2λ [(εk)2 + 4]

1
2 M2(|AαP | + μ|AαP |), f(z) is decreasing. When

λN+1 is sufficiently big, we have

|Aα+ 1
2 R| ≥λ

1
2
N+1|AαR| = λ

1
2
N+1μ|AαP |

≥ 1
2λ

[(εk)2 + 4]
1
2 M2(1 + μ)|AαP |.

Equation (24) becomes

1
2

d|AαR|2
dt

≤− λλN+1|AαR|2 + [(εk)2 + 4]
1
2 M2[1 +

1
μ

]|AαR|2λ 1
2
N+1

− (εα + μN+1)|AαR|2.
Considering

1
2

d(|AαR|2 − μ2|AαP |2)
dt

≤|AαR|2{−λλN+1 + [(εk)2 + 4]
1
2 M2[1 +

1
μ

]λ
1
2
N+1 − (εα + μN+1)

+ λλN + [(εk)2 + 4]
1
2 M2[1 + μ]λ

1
2
N + εα + μN},

when

λλN+1 + μN+1 >[(εk)2 + 4]
1
2 M2[1 +

1
μ

]λ
1
2
N+1 + λλN

+ [(εk)2 + 4]
1
2 M2[1 + μ]λ

1
2
N + μN , (25)
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we have

1
2

d(|AαR|2 − μ2|AαP |2)
dt

≤ 0.

This shows that if Aαq(t1) ∈ Σ, then Aαq = Aα(q1 − q2) cannot leave Σ at t > t1. If Aαq is
not in Σ, then |AαR| ≥ μ|AαP |, we have

1
2

d|AαR|2
dt

≤ −|AαR|2{λλN+1 − [(εk)2 + 4]
1
2 M2[1 +

1
μ

]λ
1
2
N+1 + εα + μN+1}.

Letting

ξ = λλN+1 − [(εk)2 + 4]
1
2 M2[1 +

1
μ

]λ
1
2
N+1 + εα + μN+1 > 0, (26)

we obtain
|AαR|2 ≤ |AαR(0)|2 exp(−2ξt). (27)

For t → ∞, |AαR| → 0. Finally we obtain the following theorem (the squeezing property):
Theorem 2 If Eqs.(25) and (26) are satisfied for Eqs.(7) and (8) supplemented periodic

boundary condition, then
(i) if Aαq1(0) ∈ Aαq2(0) + Σ, then Aαq1(t) ∈ Aαq2(t) + Σ, ∀t ≥ 0;
(ii) if Aαq1(0) is not in Aαq2(0) + Σ, then either Aαq1(t0) ∈ Aαq2(t0) + Σ for some t0 > 0,

consequently Aαq1(t) ∈ Aαq2(t) + Σ for all t ≥ t0; or Aαq1(t) is not in Aαq2(t) + Σ, then
AαQNq1(t) − AαQNq2(t) decays exponentially as t −→ ∞.

3 Synchronization for Modes Coupling

When Aαq is out of the cone Σ, i.e., |AαR| ≥ μ|AαP |, for t → ∞, |AαR| → 0, |AαP | → 0,
then |Aα(q1 − q2)| → 0. When Aαq is in the cone Σ, i.e., |AαR| ≤ μ|AαP |. We modify Eqs.(20)
and (21) and obtain

Lemma 3 In the cone Σ, Bθ is a globally bounded operator from D(Aα) to D(Aα− 1
2 ).

sup
u∈D(Aα)

|Aα− 1
2 Bθ(u, u)| ≤ M̃1 ≤ M1.

Lemma 4 In the cone Σ, Bθ is a globally Lipschitze mapping from D(Aα) to D(Aα− 1
2 ).

|θρ(|Aαu1|)Aα− 1
2 B(u1, u1) − θρ(|Aαu2|)Aα− 1

2 B(u2, u2)| ≤ M̃2|Aα(u1 − u2)|,

where M̃2 ≤ M2.
We obtain that

1
2

d|AαP |2
dt

+ λ|Aα+ 1
2 P |2 ≤ [(εk)2 + 4]

1
2 M̃2[|AαP | + |AαR|]|Aα+ 1

2 P | − (εα + μk0)|AαP |2.

f(z) = −λz2 + [(εk)2 + 4]
1
2 M̃2(|AαP | + |AαQ|)z is quadratic function. When z < 1

2λ [(εk)2 +
4]

1
2 M̃2(|AαP + μ|AαP |), f(z) is increasing. When λN is appropriately selected,

|Aα+ 1
2 P | ≤ λ

1
2
N |AαP | ≤ 1

2λ
[(εk)2 + 4]

1
2 M̃2(1 + μ)|AαP |, (28)

1
2

d|AαP |2
dt

≤ −{λλN − [(εk)2 + 4]
1
2 M̃2[1 + μ]λ

1
2
N + εα + μk0}|AαP |2.
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Letting
η = λλN − [(εk)2 + 4]

1
2 M̃2[1 + μ]λ

1
2
N + εα + μk0 > 0, (29)

we obtain
|AαP (t)|2 ≤ |AαP (0)|2 exp(−2ηt).

We obtain that when t → ∞, |AαP (t)| → 0, then |AαR(t)| → 0, i.e., |Aα(q1− q2)| → 0. Finally
we have:

Theorem 3 If Eqs.(28), (29), (25) and (26) are satisfied, Ginzburg-Landau equations (2)−
(5) can realize the synchronization under modes coupling.
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