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Abstract
We build up immediate connection between the nonlinear Boltzmann transport
equation and the linear AKNS equation, and classify the Boltzmann equation as the Dirac
equation by a new method for solving the Boltzmann equation out of keeping with the
Chapman, Enskog and Grad's way in this paper. Without the effect of other external fields,
the exact solution of the Boltzmann equation can be obtained by the inverse scattering
method.

I. Introduction

‘The AKNS equation!' -2 (i.e. Ablowitz-Kaup-Newell-Segur equation) is a basic eqyation in
the theory of inverse scattering transformation®-3., The eigenvalue of AKNS equation in original
sense is a dual spinor, and this AKNS equation is a dual Dirac equation!®-'°.. This AKNS equation
in original sense unites or induces some nonlinear dispersion problems in classical hydrodynamics,
plasma dynamics, physics of elementary particles, nonlinear optics, physics of solid body, lattice
mechanics and engineering. In ref. [11] we extend from this AKNS equation in original sense to the
equation for four-spinor, and so as to solve the large deflection problem in nonlinear elastic
mechanics. This AKNS equation for four-spinor is a four-Dirac equation in fact. We extend the
application range for four-Dirac equation to the viscidity, the heat conduction and the diffusion of
non-uniform gases, and build up immediate connection between the Boltzmann equation for non-
uniform gases and the AKNS equation for four-spinor or the four Dirac equation, then turn the
problem for exact solution of nonlinear Boltzmann equation into the problem for inverse scattering
(general solution) of linear Dirac equation (or AKNS equation) in this paper.

L. Boltzmann is one of the “two great men that appeared in the previous century” by H.
Haken!'2 (another man is biologist C. Darwin). The nonlinear Boltzmann transport equation or the
Boltzmann differential-integral equation (L: Boltzmann, 1872),13! occupies a decisive position in
hydrodynamics!*4. It can even provide the theoretic basic of hydrodynamics equations (such as the
Navier-Stokes equation or its extensionl!’l. As early as 1879, J.C. Maxwell proved thatl's! some
other stresses exist in very rarefied static gases with non-uniform temperature and are not calculated
in the Navier-stokes equation. From this, in many classical books of hydrodynamics!!¥, the authors
must tell the Boltzmann equation and its solution before the text of the books. The Boltzmann
equation also has the first important role in the molecular kinetic theory of gases!!’-2 classical non-
equilibrium statistical thermodynamics® -4, plasma physics and physics of solid body®3, To solve
the Boltzmann equation is at all times a mechanical theorizer’s own job.

The basic thinking for the Boltzmann equation was put forward first by Maxwell (1866)16!, and
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was formulated by Boltzmann(®-?l, For the sake of emphasis on the first work by Maxwell, this
equation is called the Maxwell-Boltzmann equation by D. Hillbert(®!. The Boltzmann equation is
fairly exact in application to rarefied gases®!. This explains that the Boltzmann equation mirrors
the objective truth in some degree. But the application range for the Boltzmann equation is only in
this condition. Up to now, any non-suitable extension to the Boltzmann equation has ended in
failurel?¥, In addition, on standard standpoint of statistical mechanics, by the Boltzmann equation
we cannot describe “the fluctuations”?” and the Boltzmann equation is éxcluded from classical
theory of statistical mechanics in fact. In modern statistical mechanics, the leading equation is the
Liouville equation!'’- 242! and the Boltzmann equation only plays a small inconspicuous part in it.
This unjust attitude to the Boltzmann equation makes some indignant authors!"® firmly support the
Boltzmann equation with the aim of “uprising”, and of independence of the kingdom of statistical
mechanics to a style of its own, and think that “this need not be explained any more”.

The first solution of the Boltzrmanm equation was obtained independently by S. Chapman and
by D. Enskog!'® in about a year (1916 —1917). The method®! of Chapman and Enskog does not
immediately solve the Boltzmann equation, but looks upon the probability-distributed function as
the function of observable macroscopic number density of moleucles, observable macroscopic
mean velocity and observable macroscopic temperature; the observable macroscopic number
density of molecules, the observable macroscopic mean velocity and the observable macroscopic
temperature are obtained from the hydrodynamics equations. The hydrodynamics equations as the
differential equations in three-dimensional coordinate space, by contrast to the Boltzmann
differential-integral equation in six - dimensional 4 -space, are simple. In it, the theoretical
system for Chapman slants to direct perception through the senses, and does not lay stress on the
systematicness and the deduction; oppositely, the discussion for Enskog lays more stress on the
form and the style of mathematics. Their methods are irrelevaint on the thinking or on the details,
but their results are absolutely identical.

An up-and-coming youngster H. Grad (1949)1 discovered a new method for solving the
Boltzmann equation. His result can be applied to condition such as within the shock wave, i.e. to
condition of prompt change for probability-distributed function along with space and time. In the
theory of Grad the thermal flux — vector and the stress tensor find themselves in an equal posijtion
with other unknown quantity, such as pressure, density, velocity and so on. The method of Grad
approaches the method of Enskog, and the principal difference between them rests with the
discussion on time-derivative. The solution of Grad hac <l more general form over the solution of
Enskog. Tsien!') Hsue-shen thinks that, the theory of Grad has special important application in
dynamics of rarefied gases. ‘

In addition, Grad®!-32), Kihara®), Waldmann®*1, Balescu®®), Hirschfelder-Curtiss-Bird®® and’
Cercignanil’’-4! et a]*'-9), als0 make many works on solving the Boltzmann equation. But these
papers and monographs are not so good as refs.l'6 9 i reputation, because the methods are
outmoded.

All the above-mentioned solution methods are the approximate methods for solving the
Boltzmann equation. Owing to difficulty in mathematics, as early as the preceding century, L.
Boltzmiann explained that!!sl people should abandon the hopes on the general solution for solving
this equation.

Now we are aware that by available strength the general solution of only a few equations in
nonlinear equations (such as the Burgers equation and its extension!*) can be obtained from
mathematical transformation. For the nonlinear equations oflarge number we can only obtain their
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exact special solution up to now. The Boltzmann equation is a nonlinear differential-integral
equation; we ponder a trifle, and can find that it is also rather ordered. For this reason, we can
completely obtain its exact solution from advanced mathematical method. This advanced
mathematical method is the theory of inverse scattering transformation at the beginning of the
paper. -

For the sake of solving the exact solution of the Boltzmann equation by the theory of inverse
scattering transformation, we must first build up connection between the nonlinear Boltzmann
equation and the linear Dirac equation. The AKNS equation for four-spinor, just as is said, is the
four-Dirac equation. The major work and objective in this paper lies in building up connection
between them.

The Dirac equation is an important equation with extensive applicable range, and it is one basic
equation in nature. In this paper we bring the nonlinear Boltzmann equation into the category of
Dirac equation, thus not only for the sake of making the solution of nonlinear problems easy, but
also for enabling nature to become even more harmonious and synergetic*, and furthermore for
enabling the language of describing the natural phenomenon to become even simpler and more
normalizable. For this reason, the method in this paper has sense not only in methodology, but also
in philosophy.

Before solving the Boltzmann equation by the theory of inverse scattering transformation, we
also pay attention to prerequisite condition for application of this theory, that the probability-
distributed function must suddenly drop in distant place or satisfy the periodic boundary
conditionl*-%. The former is very obvious in our problem, and can after all be satisfied.
(Incidentally, in solving the von Karman equation for nonlinear elastic large deflection problem by
the theory of inverse scattering transformation(!!-43-47, we also have the same problem. At this time
the prerequisite condition for application of this theory can also be satisfied, or try to be satisfied.

It must be pointed out that the obtainable solution from solving the Boltzmann equation by the
theory of inverse scattering fransformation is the exact solution and is not the general solution, then
in building up connection between the nonlinear Boltzmann equation and the linear Dirac equation
(AKNS equation) we need not claim that every step of the advance must satisfy the ample-essential
condition, but only claim that the later obtainable equation is ample condition for the above
equation. Naturally, the exact solutions have difference on the “exact” degree. For this reason
people must seize the sense of propriety for ample condition in deduction process. For the sake of
improving on exactitude of solution'we must omit as few factors as possible and must slow down the
full substitution of the initial-boundary conditions into the equations. But, for convenience sake we
still omit some factors. In this paper for convenience sake we apply the so-called “Maxwell
hypothesis”, i.e. the scattering cross-section has nothing to do with the relative momentum®. On
this hypothesis, some of the secondary factors are omitted. In calculation for the probability-
distributed function with the molecular action force depend directly on 3 (where r is the distance
between two molecules), Maxwell applied this hypothesis#-%l, The Maxwell hypothesis is a still
simpler additional condition of the Boltzmann equation in fact. If there is not one additional
condition or another, then we are unable to solve the Boltzmann equation.

The similar method of inverse scattering transformation can be applied to solve the Vlasov
equation®? in plasma physics. This Vlasov equation is a special case of BBGKY equation
(Bogolinbovi®® -Born-Greenl'l, -Kirkwood® 52 -Yvon©4 equation) for the theory of dense gases in
fact. The discussion of this problem is largely identical but with minor differences in this paper. It is
unnecessary to go into details.

The dummy index is the summation depending on the Einstein convention in this paper.
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II. Relation Between the Boltzmann Equation and the Nonlinear Schrodinger
Equation

The physical event that is described by the Boltzmann equation finds itself in six-dimensional

u -space. The general six-dimensional u -space is a direct sum for the three-dimensional
coordmatc space and the three-dimensional velocxty space?”. But more convenient is the six-
dimensional canonical & -space, which is a direct sum for three-dimensional coordinate space
and the three-dimensional momentum space. From ref. [19] for the Boltzmann equation we write

df _(of 2
’E"’=(—at )Coll. (2.1)
where
df af af af
ar =or TX' e T
] of -
af _pb axli +F' apﬁ (k—lr 2; 3) (202)
(~ CI_”ad.Q(f’f’ —ff)1gld*p, (2.3)
g is the relative momentum
g=p—p, , lgl=~(p*=p}) (2.4)

and g==0(|g|, #) isthescattering cross-section, § is the angle of refraction for g, 4¢2 is the unit
of solid angle, m is the molecular mass, p* is the component of momentum, F* is the component of
external field force. That the external field force has incorporated not only the binding force of
external world, ‘but also the molecular mutual action forcel!sl. At this time f is a probaility-
distributed function, and

f=f*) , =f(P*) ) } (2.5)

fi=f(s}) =f(P

where p* and p! are the components of momentum prior to scattering, and P* and p*.are
components of momentum after scattering (E=1.2,3).

The Boltzmann equation (2.1) is the irreversible equation. In operation on t—»>— ¢, we have
p*—>—p*, F*— F. At this time the sign of the left side of equal-sign for equation (2.1) changes,
and the sign of the right side does not change.

The original expression of the scattering term (2.3) form Jacobian —a(—Pk—’ﬁf-L =1 canbe

written as o(p*, p5)
(5o, = foda 110140~ f[od2{ i1 g1 o, (2.6)
ie.
)
( a{ con, ~Rel—(f—if’ )Jodﬂj(fx—nf’)lgld‘p.] (2.7)

where Re is expressed as the real part of formula.
We let
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p="(f=if") . m=t(fimifl) (2.8)

where the independent variablesin  f, f,  f/ | fr exceptfor ¢, x* arealso p*, p}, p*,

t respectively and the independent variablesin ¢ , ¢, exceptfor ¢, x* arealso p* , pt
respectively. The transformation relation between independent variables in (2.8) follows the old
routine of original formula for the Boltzmann equation. At this time, equation (2.1) can be writtén
as

Re G- =2Re[ 4 [0d0[p.lgld*s.] (2.9)

The sufficient condition (we can prove that it is the sufficiently essential condition) for equation
(2.9) to be valid is

Zf =—2¢_[0d9j¢1|g|d"’p. (2.10)
ie.
3 2
'l’ +x* a;p. + p* aztz—zwjadQJ¢,[g|dspl (k=1, 2,3) (2.11)
or
3 ]
s ot g+ F apg——zwj dewllgld"p; (k=1, 2,3) (2.12)

We introduce the integral operator §

f=—ijud9jd3p1|g| (2.13)

Look out, the integral operator j is complex. From (2.13) we can write the Boltzmann equation
(2.11) or (2.12) in simplified form

a‘” — 4 i a;“; + p* a;,"’;——zzw(fw) (2.14)
and
N Ll g “’ - =—2ip(7y) (2.15)
where
fy=—i[odafs.lglep, (2.16)
In addition, we record _
——iir s —-iﬁ'-é%,;+2v (2.17)
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then for the Boltzmann equation (2.14) we can write the form of the Schrddinger equation

ii’i_w (2.18)

We can prove that not only equation (2.18) has form of the Schrédinger equation, but also its
operator [ is Hermitian operator as the energy operator in the Schroddinger equation. In this
connection, we apply the symbol

Ina= jé,,,mc-‘,,)dpafx (2.19)

where G, and G, are the arbitrary functions of p and x, and they are integrable on the phase space;
5", is complex conjugate of G,. And the condition for hermiticity is

(2.20)

Imn;:/ﬂm

(2.20) means all the diagonal elements /  are real. This test is straightforward. From
integration by parts, and associated with G, and G, equal to zero on bound, then we can obtain

I, =J@,,.(/iG,.)dpdx

—zJG,,. xkaxk —pr— a_pk —-ziv:IG,,dpdx

oxx -

- _.,-j G,,[—z&k 9 -i)"a—é:)—k- -zw]c‘;,,.dpdx=7,,,,. (2.21)

Thus, the Boltzmann equation (2.14) or (2.15) can become the standard nonlinear Schrodinger
equation. But look out, the normalizing condition of equation (2.18) is different with the
normalizing condition of Schrodinger equation in quantum mechanics. In the Boltzmann equation,

Ifd“p:n(x", 1) (2.22)
Jn(x", t)dix=N (2.23)

where 7 is the number density of molecules in time ¢ and corrdinate x*(k=1,2,3) and N is total
number of molecules of gases. Then, the normalizing condition of equation (2.18) becomes

[w+F)apd 5= (2.24)

Because the scattering potential is

v=Jyp (2.25)

Thus equation (2.18) has the form of the nonlinear Schrodinger equation.
III. Scattering Potential for the Boltzmann Equation

Owing to the Maxwell hypothesis, from the scattering potential for the Boitzmann equation
(2.18) i.e.

v=1Jy (3.1)

we can obtain the equation
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Viv=Ap (3.2)
where A is an arbitrary constant, and
9 0 0
V’=(aplx ap2: ap3) (3-3)

Equation (3.2) can be obtained by the classical equations for mathematical physics®. In the
calssical equations for mathematical physics, from the n-dimensional m-layered harmonic equation

Amy=0 (3.4)
we can obtain its basic solution as
cr®™ ™Mar  (2m>>n, nis even number)
v, w)={ (3.5)
cri™™"  (othen condition)
where
r= N (xF=xi)? (3.6)
Then, from the n-dimensional m-layered Poisson equation

Amu=w (3.7)

we can qgbtain its special solution on second condition in (3.5) as
u=clw(x*)r*" "d?x, (3.8)

We contrast equation (3.8) with equation (3.1). Now in our probiem,
. n=3 , m=2 (3.9)
and
x*—> p* (k=1, 2, 3) (3.10)
Thus, we can directly obtain (3.2) from (3.7).

VI. Schrédinger’s, Representation for the Boltzmann Equation

As the Boltzmann equation (2.1) can be written as the form of the Schrédinger equatiion (2.18)
by transformation (2.8), and turned into the eigenvalues problem, the eigenfunction in the
Schrodinger’s representation can generally be written as

p=expli(p?x*—Et)]  (k=1, 2, 3) (4.1)

If the operator ( —i—a—i—,-) acts on the left side and the right side of equal-sign for (4.1) at the

.same time, we have

9
B3P p=p'
Thus in the Schrodinger’s coordinate picture we have

pr=—ias (4.23)
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In addition, from the momentum picture in quantum mechanics® we can know

#r=igr (4.2b)

Now we backwardly study equation (2.18) again. We notice that the independent variables of
equation (2.18) except for time ¢ are conjugate mechanical quantity x* and p* (¢ =1,2,3). Secondly,
as the for ¥ is the expression of the probability-distributed function and can be applied to
calculation for other mechanical quantity, we can regard them as the operators. From the two
above-mentioned grounds we can think that, aithough equation (2.18) has the form of the
Schrodinger equation, it can be regarded as the operator equation in the Heisenberg representation
at the same time.

To tum the operator equation in the Heisenberg representation in to the eigen-equation in the
Schrodinger’s representation, we can apply equality (4.2). For the sake of caution, we apply the
ready-made method!*! in deduction process.

We multiply equation (2.12) at the same time .by the statevector: (bra){as]| and
(ket)|Ba) s;and write ¢ ofequation (2.18) as ¢* ,write ¥: as ¥} where index 4 is the
expression for the Heisenberg representation, and <] or [> isthe Dirac symboll”., At this time
we have the equation for the matrix element:

Cali G B+ <l (it T i DN >
=~2i @l ¥*[od 2wt 1l dp1 B> (4.3)
Let
yr=expliHt p exp[ —iH1] (4.4)
lowy=|a,(0)>=exp[iHt]|a,(1)> (4.5)

where H is the total Hamiltonian, and index s is the expression for the Schrodinger’s representation
H does not contaih clear time ¢, and it is constant on definite ¥
Substitute (4.4) and (4.5) into equation (4.3), and the right side of equal-sign in it becomes

—2ias | [0df2(w}191d%,1 B>
=—2iKa,(0)|exp[iHt]pexp[ —~iHt]|od Q
- [expliH #191expl ~iH 111 15,1 8.(0)> (4.6)
where pi(k=1, 2, 3) only have the meaning of parameter at this time, and

H=H(x* —ia*)

(4.7)
H,=H(xt, —iat)
Owing to the law of conservation of energy, we have
H,=H (4.8)

then

—2i<as] w"jodﬂj_wi- 191d%,| B>
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— —2i¢ay(0)] exp[iH i1 expl —iH 1] j od 2
- |expliHptexpl —iH11| g|dp1 8.(0)>

— —2i<as(0) | (exp[iH ¢ exp[ —iH])(exp [th]jad.Q
- [pttgldpiexpr—iH1)18.(0)>

== 2iay(0) lexpLiHHI#* [0dR] o1 g1 d*p. Jexpl —iHENA.(0)>  (4.9)
Thus (4.3) becomes

{as(0)|expliH1i - ¢ expl —iHt]|Bs(0)>

. . 7] . 0 s
+<as(0)|expliH¢] (z—%p"&—i-+1F"3-i—)-,,—)¢”exp[—zl-1t] [Bs(0)>

=—2i<as(0)|exp[th}W}aderﬁfIgldspxlexp[—in]Iﬁs(0)> (4.10)

From
[as(t)>;exP[_‘jitJ!a8(0)> } (4 11)
Lag(t)| =<a;(0)|exp[iFt]
and attend to (4.2), then for (4.10) we can write
Canl i1 B>+ <anl {mvi—2V Jor 18
— —2ica| v [od i 19101815 (4.12)
where V is the Clausius Virial®’-%i,
V=_%Fw (k=1, 2, 3) (4.13)
This is different from quantum mechanics.
As equality (4.12) is always tenable on all <a,| and [fF.> , we have
a¢s 1 2 18 .93 aj J s 3 !
i— —( . +2V)w’ 2ip*\odQ\¥i | gld®p, (4.14)

Omit index s, and follow the example of the integral operator (2.13); in integral operator
pi(R=1, 2, "3)are the parameters only, thus we have

;1 3¢ %”t’ (—$v2+zV)w+z¢(fw) (4.15)

By now, we have already turned the Boltzmann equation (2.1) into t..2 nonlinear Schrodinger
equation. All the processes of deduction are sufficiently essential. Our obtainable nonlinear
Schrédinger equation (4.15) is different from the nonlinear Schrodinger equation in quantum
mechanics only in the following two aspects: the first is that the normalizing condition ouly satisfies
equation (2.24) but does not satisfy j’yj pdv=1 ; thesecond is the appearance of the Clausius Virial
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of external field but not the appearance of the potential function of external field, i.e. the relation
between energy and momentum for gaseous molecuie becomes complex.

In addition, we must notice that equation (4.15) is still irreversible as a result of the complex
operator J . Equation (4.15) corresponds to the Schrodinger equation with compiex energy!s¢!
This Schrodinger equation with complex energy is also an irreversible equation.

In the following, from this we solve the exact solution of the Boltamann equation. For
convenience sake, temporarily we hypothesize that the received external force on molecule is zero,

and Virial V=0
V. Exact Solution of the Boltzmann Equation

Let the molecular mass m = |, and temporarily omit the Virial of external field. At this time the
Boltzmann equation (2.1) equal

i - 29(J9)=0 (5.1)

where we omit symbol .~ on operator J
We act on the left side and the right side of equal-sign for equation(5.1) by operator J at the
same time, and have

[;%JWU—-z(w)J]w:o (5.2)

look out, for the second action of operator Jon ¥ , | gl= ,\/W
We take the complex conjugate for (5.2), and have

[i%f—wﬁrz(m‘ﬁ]ﬁ:o (5.3)

Now we can write equation (5.1) and (5.3) as follows

i%gf— +vig—2qrg=0 (5.4a)
i—%;——vzf-i-Z?a?:O (5.4b)

where
g=y 3 r=/J (5.5)

In equations (5.4a) and (5.4b) we can find the following rule: we exchange g and r in equation
(5-4b) and take the complex conjugate for the whole equation, then immediately we can obtain
(5.4b) And the reverse is also true.

Eqguation (5.4) corresponils to the integrability condition of the AKNS equation (i.e. the Dirac
equation). The AKNS equation is linear equation
. 0 . .
x—‘:g- =N¢ (time-evolution eq.)

A (5.8)
M¢=Cpd (cigen-eg)

where
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(k=1, 2, 3) (5.7)

ow(k=1, 2, 3) arethe Paulimatrices, y,=0,®o, isthe Dirac matrix, o, is2 x 2 unit
matrix, { iseigenvaluesand 8f/3t=0 .In(5.7)and in the following, every quantity directly
involves 2 x 2 unit matrix on convention, and in these quantities there doesn’t exist the Pauli
matrices o . In addition, & is the symbol for direct product (or Kronecker product).

If A, B and C are

A=24vu
{B=Ziu§-——akaku (k:],, 2, 3) (5.8)
C=2£‘UC+O';-6}¢U

then the integrability condition of the AKNS equation (5.6) is

; o + viu—2uvu=0 (5.9a)
ot

. Ov 2 -

{55 — Vvt 20u0=0 (5.9D)

Under this condition, ¥ and v are the real functions, we exchange u and v in equation (5.9a), and
take the complex conjugate for the whole equation, then immediately we can obtain (5.9b). And the
reverse is also true.

If we analyticaliy continue the related functions in the AKNS equation (5.6) into the complex
plane, in other words, if we turn the energy in equation (5.6) into a complex one, then (5.9) is the
same as (5.4). Thus, the noniinear Boltzmann differential-integral equation can finally be summed
up as the solving of the linear Dirac differential-integral equation.

The meaning for complex energy as the above exposition, shows that the linear Dirac
differential-integral equation is also irreversible. Look out, in this irreversible equation as equations
(4.15) and (5.6), the dissipation coefficient!”! always equals one.

If the external field force exists in our problem, then the Virial for external field force can be
summarized into equation (5.6) by the classical method.,

Except for orthodox application in quanium electrodynamics, the Dirac equation unites! the
KdV equation, the nonlinear Schrédinger equation, the sine-Gordon equation, the Bloch equation,
the Lamb equation and the mutual action equation for three waves in the theory of nonlinear waves.

Jn addition, the Dirac equation is applied to solve the Navier-Lamé equation!®-6! in elastic
mechanics, the Love-Kirchhoff equationi®> %! the von Kirman equation’'! 4 4% and the von
Kdarman-Viasov equation!*lin the theory of elastic plates and shells, and the dispersion problems
and so on. Now, we introduce the complex energy, and extend the applicable range of the Dirac
equation into the irreversible problem of this kind of solving the Boltzmann equation in the gas-
kinetic theory. The profound intension for the Dirac cquation becomes acceptable gradually.
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