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Abstract A fully developed steady immiscible flow of nanofluid in a two-layer micro-
channel is studied in the presence of electro-kinetic effects. Buongiorno’s model is em-
ployed for describing the behavior of nanofluids. Different from the previous studies on
two-layer channel flow of a nanofluid, the present paper introduces the flux conservation
conditions for the nanoparticle volume fraction field, which makes this work new and
unique, and it is in coincidence with practical observations. The governing equations are
reduced into a group of ordinary differential equations via appropriate similarity transfor-
mations. The highly accurate analytical approximations are obtained. Important physical
quantities and total entropy generation are analyzed and discussed. A comparison is made
to determine the significance of electrical double layer (EDL) effects in the presence of
an external electric field. It is found that the Brownian diffusion, the thermophoresis
diffusion, and the viscosity have significant effects on altering the flow behaviors.
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Nomenclature
Bri, Bra, Brinkman numbers; (cp)t, (cp)s,specific heat of fluid and nanoparticles;
Bo, magnetic field in z-direction; Dg1, D2, Brownian diffusion coefficients;
C1,C3, mnano-particle volume fractions; D1, Di2, thermophoretic diffusion coefficients;
Co, reference nano-particle volume frac- e, charge of a proton;
tion; E(m), error for homotopy analysis method
Cy, nano-particle volume fraction on the (HAM) computation order m;
micro-channel walls; FEs, non-dimensional external electric field
Ct1, Cr2, local skin friction coefficients; parameter;
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E., Ey, electric field in z- and y-directions re-  qw1,qw2,  wall heat fluxes on the two wall of the
spectively; channel;

Fi, Fa, electrical body forces from uniform  Rp, universal gas constant;
electromagnetic field; Rei, Re2, Reynolds numbers;

H, total distance between the boundaries  si, s2, non-dimensional nano-particle vol-
of the channel; ume fractions;

Hi, Ho, distances of two-layer fluid in Regions  Se1,Se2,  strengths of lateral direction electric
[ and 1II; field;

hi, ha, non-dimensional distances of Regions  S&, S&, entropy generated in the respective
[ and II; channels;

Hai, Has, Hartman numbers; Stotal, total entropy generated in the chan-

ki1, k2, Debye-Hiickel parameters; nel;

kB, Boltzmann constant; Sr, ratio of entropy generated in Region I

ke, , ke, thermal conductivities of the fluid; and Region II;

ks, ratio of thermal conductivities of the T1, T3, temperatures;
fluid; To, reference temperature;

L, length of the micro-channel; Tw, temperature on the micro-channel

Mp, dimensionless mass diffusion parame- wall surface;
ter; JA“, absolute temperature;

no, bulk ionic concentration; u1, U2, non-dimensional velocities of the

Ng1, N2, Brownian motion parameters; fluid;

Ni1, Ne2,  thermophoresis parameters; Ua1,Ua2, average velocities of the fluid;

Nui, Nug, local Nusselt numbers; U1, U2, z-component of the fluid velocities;

D, pressure; , width of the micro-channel;

P, Ps, non-dimensional pressure gradient pa- 7,7, Z, Cartesian coordinates;
rameters; z, the valences of ions.

Greak letters

a1, a2, thermal diffusivities of the nanofluid; parameter;

g, ratio of dielectric constants of the 61,602, non-dimensional temperature distri-
medium; butions;

€1,€2, dielectric constants of the medium; (p1)t, (p2)s, densities of the fluids or nanoparti-

€o, permittivity of vacuum,; cles;

7, non-dimensional spatial variable; Po1s Pz charge densities;

'y, o, non-dimensional pressure gradient Twl, Tw2, shear stresses on the wall of the
parameters; micro-channel;

K1, K2, electro-osmotic parameters; 51,52, electrostatic potentials;

Ao, dimensionless reference nanoparticle  ¢1, @2, non-dimensional electrostatic poten-
parameter; tials;

AN, ratio of the respective quan- 1,2, ratios of Joule heating to the applied
tity N such that N € temperature differences between wall
{e, k¢, p, 0, DB, Dy, a0, 7, p}; and ambient fluid;

W1y 2, dynamic viscosities of the fluid; (1, (o, non-dimensional zeta potentials;

0o, dimensionless reference temperature Zl,ZQ, zeta potentials.

Subscripts list

1,2, refer to quantities for Regions I and II; w, physical quantities on the micro-channel

f, s, refer to the fluid and solid particles; wall.

1 Introduction

For evaluation of the precise characteristics of a fluid flow in a channel or a tube of micro-
size, heat transfer has usually been a very important aspect to be considered. Flow transport
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mechanism of microfluidics is of great importance in the design of all kinds of micro-electro-
mechanical systems (MEMS) and has been investigated by some researchers!! 5. In this context,
heat dissipation is also a significant factor to be considered for better efficiency of those systems.
That is to say, it is essential to develop efficient cooling systems that are compatible with
the micro scale of these small structures. One appropriate way to achieve this target is the
use of micro-channels or micro-tubes with high thermal conduction fluids passing through.
However, a more effective way is the addition of small solid particles into the fluid for heat
transfer enhancement. The latter approach was initiated by Maxwelll®) who utilized small
metallic particles to increase the heat conductivity of regular fluids. Choi and Eastman!”
improved on heat transfer capability of fluids by adding nano-scale solid particles in the flow
and named the resulting fluids as nanofluids. Using Choi’s approach, the heat conductivity
of the nanofluids is significantly improved and as a consequence, many different materials and
their thermal properties, as well as other factors like shape and size were examined theoretically
or experimentally by different researchers!®15.

When a fluid flows due to external pressure, the static charge present in the solid channel
walls attracts free-moving ions in the fluid and as a result, the electrical double layer (EDL)¢]
on solid-fluid interface forms. In case of micro-channels and micro-tubes, the resistance is
increased due to the reduced radius of the channel. In the meantime, a current is generated
owing to the potential difference created from the rearrangement of these ions. This particular
feature was studied by Mala et al.l'”l, Mala and Lil'®l, and Ren et al.[']. Similar trends were
highly observed in channels with tiny radius in many MEMS[0 231 Ren and Lil?4 proposed
a symmetric boundary condition for the electrical field to explain the transportal process of
EDL in a pressure driven system. Their work was followed by a study about the effects of EDL
on the velocity distribution in a laminar flow by You and Guol?®. Further investigations were
done by Jing et al.l?6l, Srinivasi?”, Qi and Ng[®®!, and Zheng and Jian[?!, respectively. A good
example of such flows is the electro-osmotic pumps, consisting of two layers in which fluids with
different properties flow.

Many researchers have devoted themselves to studying convective heat transfer in a channel
or tube; some illustrative works were done by Taol®%l, Aung and Workul®!l and so on. However,
rapid development of technology makes cooling system design more complicated. One layer
heat transfer studies are inadequate to meet the present demands. In many industrial processes,
multi-phase and multi-layer channels are expected to be used to replace single layer channels32!,
The two-layer fluids always generate a laminar fluid interface that behaves in a different way due
to the boundary conditions on the dividing boundary of the channels. Owing to this particular
behavior, those flows have vast applications in the fields related to bio-medical, bio-chemical,
and biological analysis. The importance of biological sample separation apparatus could not
be neglected in those applications. As a result, the fluid flowing through these micro-scale
devices®> 34 has to be controlled and monitored precisely. In this context, some non-polar
fluids are not completely driven by the electro-osmotic force. This was addressed by Brask
et al.’% who suggested high conductivity electrolyte solutions to increase the drag on the
poorly conducting fluid. The electro-osmotic flow of two immiscible fluids was examined by
Gao et al.?% but the Maxwell stress balance condition was ignored at the interface. Shankar
and Sharmal3” and Verma et al.l3¥ determined that a two-layer microfluid in the presence of
electro-osmotic effects could not be correctly modeled without using the Maxwell stress balance
condition. They used a Maxwell stress and shear stress balance condition on the interface
between the two-layer microfluid flow which was verified by many further studies®®4. In
particular, Xie and Jian!*?l used this model to investigate an entropy analysis of a two-layer
flow through micro-parallel channels under electro-osmotic effects. In their study, they used
the model proposed in Refs. [37]-[38]. Zhao et al.[*3] used a modified form of the Maxwell stress
balance condition and demonstrated that in an immiscible two-layer flow, with EDL effects,
the width of the EDL has a high influence on the flow but as the electro-osmotic parameters



86 M. D. K. NIAZI and Hang XU

increase to a sufficiently large value, i.e., smaller EDL thickness, there is no more influence from
the EDL.

In order to preform a complete analysis, the entropy generation of the system needs to be
considered as well. In a device with physical movement, there must be some irreversible losses
of energy. In order to control and optimize these losses, this physical phenomenon has to be
analyzed. Heat loss and generation is a major cause for these losses so that it is considered
primarily in computation of the entropy generation of a system. This was first observed by
Bejan[*4l. A series of analyses for irreversibility energy losses through entropy generation func-
tion were discussed in Refs. [45]-[47]. Heat generation is a major factor but it is not the only
factor responsible for the entropy generation. For example, Xu et al.[*! used six factors to
compute the entropy of a system. Those factors are the irreversibility generated from heat
transfer reversibility, Joule heating effect, viscous friction in the fluid, coupling electromagnetic
diffusion, magnetic field and the nano-particle concentration. Xie and Jian[*? conducted the
entropy generation analysis using the six mentioned factors for a two-layer flow.

This work aims to study a fully-developed steady immiscible two-layer flow in the presence of
electro-kinetic effects due to EDL and an external electric field. These effects are accumulated in
the momentum equations for the two layers. Buongiorno’s model*® is to be used to describe the
nanoparticles and their behaviors in the fluid. The major difference between this work and the
previous investigations!4>:59-51] is that the balance of the Brownian diffusion and thermophoresis
diffusion are considered in the boundary conditions at the fluid interface. Since the Brownian
diffusion and thermophoresis diffusion are dominant factors for slip mechanisms of nanofluids,
our model could be an appropriate one for description of two-layer flows of nanofluids. The
solutions are obtained by transforming the governing partial differential equations into a set
of ordinary differential equations by means of the HAMP2l. The focus is kept on the effects
of physical parameters such as the Brinkman number Br, Hartman number Ha, the constant
electric field parameter S,, the electro-osmotic parameter x, the thermophoresis parameter Ny,
and the Brownian parameter Ny on the solutions themselves and the entropy generated in the
system.

2 Mathematical modeling

We consider a steady, laminar, and fully developed flow of water based nanofluids in a two-
layer micro-channel with effects of EDL in the presence of both external electric and magnetic
fields. Figure 1 represents a three-dimensional (3D) physical sketch of the problem. The elon-
gated rectangular micro-channel is placed horizontally with its width W sufficiently larger than
its height H (W/H > 4, refer to Dauenhauer and Majdalanil®). The length of the micro-
channel L is assumed to be long enough to avoid the influence of the openings at the end. The
heights of the lower and the upper layers are H; and Hs, respectively, satisfying H; + Hy = H.
With those assumptions, the interface of these two immiscible fluids is planar. Also, the parallel
flow hypothesis can be applied so that the problem can be further reduced to a two-dimensional
(2D) one. The simplified physical sketch is illustrated in Fig.2, in which the Cartesian co-
ordinate system (Z,7,Z) is employed with T along the streamwise direction and gy parallel
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Fig. 1 3D physical sketch of the problem
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Fig. 2 2D physical sketch of the problem

to the surfaces and normal to T, whereas Z is perpendicular to the paralleled plates. AlyOg
nanoparticles are used in the lower channel, while TiO5 nanoparticles are used in the upper
channel. The physical properties of the fluid and the nanoparticles® are shown in Table 1.
The zeta potentials, the temperature, and nanoparticle volumetric fractions on the lower and
upper walls are ¢, Ty, Cy and (y, Ti, Cy, respectively. The external electric and magnetic
fields are imposed on the system with F, and E, the electric fields in the direction of positive
T-axis and y-axis, respectively, and By the magnetic field normal to the channel walls in the
direction of positive Z-axis.

Table 1 Physical properties of the fluid and nanoparticles

Physical property Fluid (water) Al203 TiOq
cp/(J kg™ LK) 4179.0 765.0 686.2
p/(kg-m—3) 997.1 3 970.0 4 250.0
k/(W-m~1.K~1) 0.613 0 40.000 0 8.953 8
ax 1077 /(m2-s71) 1.47 131.70 30.70
8 x107%/(K~1) 21.00 0.85 0.90

It shall be noted that the EDL forms owing to the presence of static ions on the walls of
the micro-channel. The ions form a diffuse layer which is not or less affected by the EDL. The
ions present in the diffuse layer generate a current due to potential formed as a result of the
redistribution of the ions. The fluid near this fixed layer has higher concentration of ions than
ambient fluid. The electrostatic potential at any point is assumed to be satisfied by the Poisson
equation.

The vector forms of the governing equations describing the distribution of the electric po-
tential, total mass, momentum, energy, and nanoparticle volumetric fraction!*249 are given
as

277 ﬁei
V¢, v (1)
pi(Vi - V)V; = =V + ; V2V, + F, (3)

(picpi)e(Vi - V)T;

= = o Dii\ o7 o JiJi =
= ke VT + (picpi)s (DBivTivci + ( - )VTiVTi) + + pi®i, (4)
To 1
_ DN\ o
(V; . V)C,L = DBiv2ci + (—t)VQT“ (5)
To

where the subscript ¢ (¢ = 1,2) denotes the lower and the upper fluid layers, respectively, ¢,
is the electric potential induced by EDL effects, p,, is the charge density, g is the dielectric
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constant, €; is the vacuum permittivity, V; is the velocity vector, p; is the density, c,; is the
specific heat and the subscripts “f” and “s” represent the quantities for fluid and solid particles,
respectively. P is the pressure, u; is the viscosity, F; = p,,E + J; x B is the body force due
to the electroosmosis and the electromagnetic forces in which E is the vector of the electric
field, B is the imposed magnetic field, and J; = o;(E 4+ V; x B) is the ion current density
with o; the electrical conductivity, T; is the fluid temperatures, kg; is the thermal conductivity,
Dpg; is the Brownian diffusion coefficient, C; is the nanoparticle volumetric fraction, Dy; is
the thermophoretic diffusion coefficient, Ty is the reference temperature, and ®; is the viscous
dissipation term, defined by

=((G) (G (FE)) (T (3
.

() -2 Ty

oz "oy T oz (6)

in which w;, v;, and w; are velocity components in the Z-, §-, and Zz-directions, respectively.

Based on the parallel flow hypothesis, since the length of the micro-channel L is far greater
than its height H, the flow velocity in the Zz- direction is negligibly small, i.e., w; = 0. On the
other hand, it has been known that the lateral electric field plays a more significant role than
the magnetic field for the generation of the fluid motion, implying that T in the y-direction
can be neglected. As a result, only flow velocity along the Z-direction is taken into account.
Hence, the continuity equation (2) is automatically satisfied. The Brownian diffusion term, the
thermophoretic diffusion term, and the electromagnetic interaction term are considered in the
energy equation. The former two terms are relevant in studying the flow in the micro-channels,
while the fourth term is added to accumulate the Joule dissipation due to a magnetic field.

In light of the above assumptions, Eq. (2) is automatically satisfied, and Eq. (1) and Egs. (3)—
(5) are written as follows:

In Region I (—H; <z <0),

%9, Pe1(2)
= e/ 7
072 €0€1 (7)
8%, Op
VL 2P L BBy + 01Bo(E, — Bom) =0, 8)
0z oz
_ 8?1 o 8T1 . 8 T1 8T1 801 Dtl 8T1
TG W = g+ (D (az)>
+7E2+E2—2EBu+Bu R o S 9
(Plcpl)f( o 0 1) (p1Cp1)f ! ()
80, _ ac, 82C, Dy 9°T,
2 mE_p . 1
R = R T = (10)

In Region IT (0 < n < Hy),

%0y _ _Pea(?)
_ _Fe 11
07> E0€2 ’ ( )
0%uy  Op
Mo — o + Ea:peg + UQBO(E Bo’UQ) 0, (12)

072 o7
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2 o, 2 0, 0Ty (g, 12002 Do (9T

297 T2z T2 5z 0z BE
—2_(E?+ E? — 2E, By, + BX3) + —2—3,, 13
(p2cp2)f( 0Tz 0 2) (pgcpg)f 2 ( )

— 8C2 _ 862 8262 th ({9272
g — =D 14
U2 ps T2 B2 T o (14)

Here, £, and E, are the strength of the electrical fields along the Z- and y-directions, respec-
tively, By is the strength of the magnetic field along the z-direction, a; = kg;/(picpi)s is the
thermal diffusivity, and 7, = (picpi)s/(picpi)s is the heat capacity ratio with ¢ = 1,2 represent-
ing the lower and upper fluid layers. The values for (p;cpi)e, (piCpi)s, kti, and a; are given in
Table 1.

The electric potentials, flow velocities, temperatures, nano-particle volumetric concentra-
tions, and flux are assumed to be continuous at the interface. Velocities on the boundaries satisfy
the no-slip condition, and the temperature and nano-particle concentration on the boundaries
are constant distributions. Hence, the boundary conditions for Eqs. (8)—(14) are given as

zZ= Hl: 51_217 ﬂlzov leva alzcwa
¢1 ¢2; ﬂ1_: ﬂ?v Tl TQ; Cl = C27 o
% _ . 9% gu _ 3@ 3 T, _ g, 912
z=0: Yoz~ oz Mgy THgr Phigy TRRTar (15)
Dy 0T 9C1  De 8T2 9C,
T, oz %oz T, oz %oz
z=Hsy: ¢2—(:2, =0, To=Ty, CQZCW.

When the dielectric constant is assumed to be uniform, the equilibrium Boltzmann distri-
bution can be given by

pei = —2ngZesinh (%ﬁg)) i=1,2, (16)
B

where ng, z, e, kg, and T are, respectively, the bulk ionic concentration, the valence of ions,
the fundamental charge, the Boltzmann constant, and the absolute temperature. In this way,
the Poisson-Boltzmann equation is simplified to (see Ref. [43])

0%,  2noZ Zeo,(Z
Oi_ 27 Gy (ze@(f)), i=1,2. (17)
0z E0E; kBT
If the electrical potential is significantly smaller than the thermal energy of the ions, i.e.,
|[kgT| < |zieg;(z)|, the Debye-Hiickel linear approximation can be used, hence Eq. (17) is
reduced to
2

0%, B <2noz e

= )5 i=1,2. (18)

z—:oeszT

3 Non-dimensional reduction

To eliminate the dimensional influence, we define the following similarity variables:

z 2:6(bz ﬂi Tz —T() 61 — C()
_~ = 2% - 9. =+ 2 = 19
77 H7 ¢’L BT; Us Uai7 K3 Tw _T07 Sq Cw _ CO ( )

Note that after utility of the above-mentioned similarity transformations, the fluid flow region
is changed to [—h1, ho] with hy = H1/H and he = Hy/H.
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Substituting Eq. (19) into the set of governing equations (7)—(14) and (18), we obtain the

following equations.
In Region I (—h; <7 <0),

{ — tor 0.
— Ha?uy + SeyHay +T1 + k3¢ = 0,
0! + Np10,s, + N0 + Bry(u? + Ha3u? — 2SS Hayuy) + Qy = 0,

3/1' + —9/1' =0.
1
In Region IT (0 < 7 < ha),

-0
— Ha3ug + SeoHag + Ty + kida = 0,
9,/ + N329282 + Nt292 + BTQ(U + Ha2u2 2SEQHG,2’U,2) + Qs = 0,
Nia

+
52 Nga

Y =0.

Correspondingly, their boundary conditions are reduced to

n=—-h1: ¢1=C¢, w=0 6=1 s=1,
A
$1 =2 P =Ny, U = —

& / /
U2, U] = AUy,

n=0: N
’ 91 = 92, S1 = S2, 9’1 = /\kf%,
Ng1(s) — Appsy) + N (0] — Ap,03) =0,

n:hgl (bQZCQ, ’U,QZO7 92:1, 5221,

where (; = ’z\eozi/(kB’f) is the zeta potential, and x;, Ha;, Sei, I's, Uai, Ngi, Nyi, Br;, and €;
are, respectively, the electro-osmotic parameters, the Hartman numbers, the electric field pa-
rameters, the constant pressure gradient parameters, the electro-osmotic velocity, the Brownian
motion parameters, the thermophoresis parameters, the Brinkman numbers, and ratio of Joule
heating to the applied temperature difference between the wall and the ambient fluid, which

are defined as follows:

2
gy = FeH | —0 _ Ha; = &m/ S = Dt o0
cogikT i’
H? dﬁ 61'EI]€BT TiDBi(CW - Co)
i=— —, Usy=——=—, Npi=—"7-—"7-—",
piUqi d Hize o
N — 7i(Tw — To) (Dm‘) Br. — ‘Ll,anQz o Uz(E%'FES)HQ
" a T/ T k(T —To) T k(T — To)
To measure the difference of physical properties of two layer nanofluids, the following ratios are
defined:
€9 ks 142 02
>\€ = Ak = —2, A s Ao = —,
€1 b kfl . M1 01
D D
ADB*E A, 2 )\a:%, )\TZE’
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which give the connections between two-layer physical parameters as follows:

e Ao ApAo
Ung = Ua1, Hay=["Hay, Se»= Se1,
a2 )‘u al a2 )\M a1 e2 Ao el

A2 1 1 A
Bry = £ B I'y=—T = — Oy =20
T2 kf/\u 1, 2 A 1, K2 \/)\_Em’ 2 )\kf 1,
A ArAD,
Npa = D5 Ng1, Nig = Do Ny
(o7 (6%

In this analysis, some ratios are chosen based on Table 1 as A\r, =1, A, =1, A\ = 1, and
Ar = 0.96, and other ratios are chosen as A\; = 1.2, A\, = 1.2, Ap, =1.2, A\p, =1.2,and A\, = 1.

4 Entropy analysis and other physical quantities

Since the two-layer velocity, temperature and nano-particle concentration distributions can
be determined by solving Eqgs. (20)—(23) and Eqgs. (24)—(27), the entropy generation distribution
through the two-layer micro-channel can be computed correspondingly. The rate of two-layer
fluid entropy generation S&, is given asl4]

Sta = Séu + S&y + S&p + Sag + Sam + Sée, (29)

where Siy, Sy, Shp, S, Séu, and S&o represent the local volumetric entropy generation
rate due to heat transfer reversibility, Joule heating effect, viscous friction in the fluid, coupling
electromagnetic diffusion, magnetic field and the nanoparticle concentration, respectively, which
are defined as

o ke (OTiN2 . oi(B; +EY) o e (02

SGH_ T_f( ag> ) SGJ - T’L ) SGF - f(az> ) o (30)
gi _ 9i(2E, Boti) gi _ 0i(BoT;) i _@(3@)2 Rp 9C; T

GE T; PoreM T Tl e\ oz T, 0z 0z’

where Rp is the universal gas constant, and ¢ = 1, 2 represent layer I and layer II, respectively.

The non-dimensional form of Eq. (29) can be obtained by using variables (19) in the above
definitions. Therefore, the characteristic entropy transfer rate, S& = h2Sgq/ke,, for the ith
layer is given by

1 1
SL = ( 02 + Qq + Briu'?> + 2Hay Se1 Briuy + Ha?Br u2>
G 91+90 91+901 1 1t 1”el 1u1 1 1Uq
Mp

Mp
s1+ Ao 01 + 6o
Ay
02 + 0o
Mp
5o+ Ag

12
s+

5101, (31)

S& =

1
( 07 + Qg + Broul? + 2HaySeo Brous + Ha%Bmu%)
02 + 0
Mp

02 + 6

5 + sh0%, (32)
where Mp, 0y, and Ag are, respectively, the dimensionless mass diffusion parameter, the refer-
ence temperature to wall-ambient temperature difference ratio, and the reference nanoparticle
volume fraction to the wall-ambient nanoparticle volume fraction difference ratio, which are
given as

Rp(Cy — Co)

M = 9 =
D kfl ) 0

T __ G
TW_TO’ CW_CO.
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In this way, the total entropy generated in the two layers is given as

0 ha
Stotal = Sédn + Sédn (33)
—hl 0

The physical quantities of practical interest for this problem are the skin friction coefficient
and the Nusselt number, which are defined by
_ Hqui,
kei(Tw — To)’

—1 Tws s Nui
P Uz

Ci = (34)

where i (i = 1,2) represents the respective layer, 7y, is the shear stress, and gy, is the heat flux
on the walls, which are given by

ou; oT;
Twi = Pig= Gw; = —kti—= . (35)

T=(—1)iH; 07 lz=(-1)iH;

Substituting Eqgs. (19) and (35) into Eq. (34), we obtain

R2eiu2((_1)ihi)’ Nu; = _Egl‘((—l)ihi)a (36)

Cr =

where Re; is the Reynolds number, defined by

Hp;Usy;
Rei — pt (7,.
Hi

The relation of the Reynolds number between two layers is

Ao e
Reg = p—zRel,
AM

where A\, = p2/p1,
5 Results and discussion

The HAMD? is used to obtain the accurate solutions for the system of equations (20)—(27).
The solution process is listed in Appendix A. The precision of those solutions is checked using
the error evaluation function, which is defined, based on the maximum total average squared
error, by

E(m) = maX{E¢i (m)v Euz (m)a Eei (m)a ESi (m)|Z =1, 2}7 (37)
where m is the HAM computational order, and Ey, (m), E,, (m), Eq,(m), Es,(m) are error eval-
uation functions defined based on Eqs. (20)—(27) and are listed in Appendix B.

The mth order error is obtained by substituting the corresponding solutions into Eq. (37).
When all HAM auxiliary parameters and physical parameters are properly given, the errors are
computed, as shown in Table 2. It is found from the table that the error decreases rapidly as
the computational order of HAM increases, which guarantees the solutions’ convergence. The
range for the Hartman number is from 1 to 1005/, This range can vary and depend on the
values of other parameters, such as the Brinkman number. In this study, the Brinkman number
is varied between 0 and 1 to keep the system stable. For the assumption of a unidirectional
flow, the value of the non-dimensional electric field parameter Se; cannot be considered too
largel®6l. Hence, it is kept at 1 for all the analyses. The value for this parameter is varied
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and is mentioned accordingly when special statements are made or a trend is observed for this
parameter. Similarly, the value for the thermophoretic diffusion parameter is kept low, in the
range of 0 to 1. Other parameters are chosen as (1 = (o =1, Hy =1, H, =2, 2, =1 and
Ny = Np; = 0.1. Note also that the Homotopy-Padé techniquel®? is used to improve the
precision, which indicates that the convergence control parameters are insignificant and can be
prescribed to any fixed nonzero value.

Table 2 The maximum error E(m)

Order k1 =1 k1 =3 kK1 =25 k1 = 10
10 19.864 20.850 5 883.7 8 257.1
20 2.74 x 10~4 3.02 x 1074 1.8 x 1074 0.014
30 2.92 x 1079 2.09 x 10~° 2.32 x 10~10 1.37 x 104
40 8.96 x 10~ 14 7.46 x 10~ 14 1.78 x 1018 5.51 x 10~6
50 7.05 x 10~18 1.04 x 1017 1.26 x 10—20 5.023 x 10~15

We then discuss the effect of various parameters on different physical fields. It is known
that the governing equations (20) and (24) admit analytical solutions of the form,

¢1(n) = Cy cosh(k1n) + Cz sinh(k17), (38)
R .
¢2(n) = Cy cosh(kan) + 3 ;2 C5 sinh(kan), (39)
where
Ch — AEK/QCQ Sinh(hllil) — Iilgl Sil’lh(hglﬁg) (40)
te Aekg cosh(hokso) sinh(hyk1) + k1 cosh(hy k) sinh(hoks)’
Cy — Acka (k12 cosh(hiky) — k1( cosh(hake)) (41)

k1 (Aeka cosh(haka) sinh(hiky) + k1 cosh(hyrq) sinh(haka))

These analytical solutions can be used to verify the accuracy of the HAM results. As shown in
Fig. 3, solutions given by two different approaches match each other in the whole domain. This
again confirms the validity of the proposed technique. It is seen that the electrical potential
¢(n) decreases monotonously as the electro-osmotic parameter x; enlarges. Physically, the
increase in k; indicates the increase in the height of the channel, and the effect of the EDL on
the inner part of the channel is therefore weakened. We then consider the influence of the ratio
of the electro-osmotic parameter Ac on the electrical potential ¢(n). As shown, the electrostatic
potential field reduces as the dielectric ratio A. grows. Note that the smaller value of A, implies
a thinner EDL on the upper wall as compared with the lower wall. Figure 4 presents the
variation of the velocity profile u(n) with the electro-osmotic parameter ;. It is seen from the
figure that the increase in x1 causes an enhancement of the velocity profile. This is due to the
electrical force due to the joint effects of the external electric field and magnetic field has an
opposite direction to the fluid motion caused by the pressure, so the resistance due to the EDL
becomes smaller and smaller as k1 continuously grows.

It is known that viscosity has distinct influence in the boundary layer region in the vicinity
of the channel walls. When the channel is thin enough, this effect could affect the whole
channel flow, especially for the temperature distribution. It is known that the Brinkman number
represents the ratio of viscous heat generation to external heating and plays an important
role in the temperature distribution. Therefore, it is essential to investigate its influence on
temperature profile. Figure 5 shows the variation in the temperature distribution 6(n) with
evolution in Bri. It can be seen that as Br; increases, the temperature increases near both
walls of the channel but drops in the middle part. This implies higher viscous dissipation near
the channel walls and higher molecular conduction in the middle part of the channel with an
increase in the Brinkman number.
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Figure 6 illustrates the change in temperature distribution 6(n) due to variation in the
thermophoresis diffusion ratio Ap,. It is found that the maximum amplitude of the temperature
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shifts towards the upper channel wall as Ap, increases. Simultaneously, the temperature profile
decreases near the lower wall but increases near the upper wall. This is because the increase
in the thermophoresis diffusion coefficient in the upper channel results in an increase in the
acceleration of the particles in the region. Heat transfer is therefore enhanced accordingly.
Figure 7 depicts the variation of nanoparticle volume fraction profile s(n) with the increase in
the thermophoresis parameter Ny, and the thermophoresis diffusion ratio Ap,. It is known that
there is a temperature difference between the channel walls and the inner fluid, which results
in the thermophoresis diffusion represented by N;;. As shown in the figure, the nanoparticle
volume fraction decreases rapidly as Ny; increases. This shows that the thermophoresis diffusion
variation is highly important for the distribution of nanoparticles. Similarly, the fluid thermal
properties could affect the distribution of nanoparticles as well. It is observed that an increase
in Ap, speeds up the movement of nanoparticles towards the upper wall. As a result, the
nanoparticle volume fraction decreases accordingly.
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Ny = N1 = 0.1 (color online)

L0F Region [ . Region I 1.00 Region T . Region II .
N : /. ! e
0.8F\ . Ny=0.1; ) ’_/'/ )\n‘ =0.01,0.05, 0.10, 0.15, 0.20 -~/
\'\ S E , ’ /'l 0.95+ ; _/'/./ /’/: ////
06 '\ Ny=05! o : S
\ N P J ' .// P ~ /7
~ 04 \.\. Tl -7 // — 0.90+ Qoo : e ~ o ////
C/OZ_ \ ! / £ N /
w Ny:10 q “ N S
. : / H ,
0.0 o ; 0.85- NG V7
\\ ! / : \ A ~N—_ - ) ;
~02F N i ' N y
S e 0.80 ! S
-04 [ NS :
1 | 1 1 1 1 ] 1 1 1

-0.6 0.75
-0.330 -0.165 0.000 0.165 0.330 0.495 0.660 -0.330 -0.165 0.000 0.165 0.330 0.495 0.660
n Ul
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The impacts of physical ratios on the flow characteristics are illustrated in Figs.8 and 9.
Here, the trends for velocity and temperature fields are observed with respect to change in the
ratios for viscosity, electrical conductivity and thermal conductivity. It can be seen in Fig.8
that with increase in the viscosity ratio A,, the peak flow velocity shifts towards Region I and
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the flow velocity decreases throughout the channel. This is due to the fact that the average
velocity in Region II depends on this ratio and with increase in A, there is a decrease in Region
IT average velocity. Physically, this means that for a higher value of A,, the viscosity in Region
IT is greater as compared with Region I and hence, a decrease in Region II velocity is observed.
On the other hand, the flow velocity increases throughout the channel with increase in A.. This
is due to the fact that the average velocity in Region II is directly proportional to this ratio.
Physically, it implies that due to increase in the electrical conductivity in Region II, the flow
velocity in this part of the channel increases and as a result the velocity in the whole channel
increases.
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Fig. 8 Variation in velocity with change in the physical ratios A, and Ac in case of (1 = (2 = 1,
Hi=1,Hy =2, Ha1 =3, Se1 = Q1 =1, Br; = 0.1, and Ny1 = N1 = 1 (color online)

A similar analysis is carried out for the temperature field in Fig. 9, where the trend in the
temperature field is observed with respect to the viscosity and thermal conductivity ratios. It
can be seen that with the increase in the viscosity ratio A,, there is a slight increase in the
temperature field throughout the domain. This is due to the fact that the temperature increases
as the viscous force increases in the channel. With an increase in A,, an increase in Region
IT viscosity is anticipated which results in an increase in the temperature of the flow. Finally,
the temperature field with variation in the thermal conductivity ratio is observed. It can be
seen that the temperature throughout the channel decreases as Ag, increases. This is due to
the fact that as Ag, increases, the molecular conduction in Region II increases. This results
in a decrease in Region II temperature and as a consequence, the temperature throughout the
channel drops.
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Fig. 9 Variation in temperature field with change in the physical ratios A\, and Ag, in case of (1 =
CQ = 1, H1 = 1, H2 = 2, Ha1 = 3, Sel = Ql = 1, Br1 = 0.1, and Ntl = NBl =1 (CO]OI‘
online)
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The variations of the skin friction coefficient C¢; and the Nusselt number Nu; with «; and
Hartman number are presented in Fig. 10 and Fig. 11, respectively. It is known that the flow
velocity is a key factor to determine the skin friction so that its variation has distinct effects
on Cf; as well. It has been already known from Fig.4 that the flow rate increases near both
channel walls as k1 evolves. This trend is also found for the variation of Cf;, but the direction
on the upper wall is opposite to that on the lower wall. It can also be seen that the trend
in the change of local skin friction coefficient with respect to the Hartman number changes at
Ha; = 1. When Ha; < 1, the local skin friction increases for smaller values of 1, but as
k1 increases, this change becomes negligible. On the other hand, for Ha; > 1, the local skin
friction has a negligible increase with increase in Ha; but as x; increases, this trend reverses
and the local skin friction has a decreasing trend. This is due to the fact that the lateral electric
field considered in this study is small. Hence, the opposing force from the electric field is greater
as compared with the aiding force in case of Ha; > 1.
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Fig. 10 Variation of local skin friction coefficient with change in the electro-osmotic parameter
and Hartman number in case of (1 = (2 =1, Hi =1, Hy =2, Se1 =1 =1, Br1 = 0.1, and
Ny = N1 = 0.1 (color online)

In Fig. 11, the Nusselt number decreases on the upper wall but increases on the lower wall
with increase in k1. This is because the coordinates are set at the interface of the two layers so
that the signs on the upper and lower walls are just opposite. Physically, this ratio decreases
as k1 increases since the EDL effect is weakened and the fluid motion accelerates. Therefore,
the heat conduction increases more quickly than the heat convection owing to this change.
On the other hand, the Nusselt number increases with increase in the Hartman number. This
increase is due to the increase of thermal convection owing to a decrease in the viscous force as
a consequence of higher values of Ha;.
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Fig. 11 Variation of Nusselt number with change in the electro-osmotic parameter k1 and Hartman
number in case of (1 =C(=1, Hi=1, Hy=2, Se1 =1 =1, Br1=0.1, and Ny; = N1 =0.1
(color online)
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The evolution of the entropy analysis is presented in Figs.12-14 for different scenarios.
The total entropy Siotar in the channel is associated with different parameters including the
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thermophoresis parameter Ny, the thermophoresis diffusion ratio Ap,, the Brinkman number
Bri, the Hartman number Ha, and the electric field strength parameter Se;. It is seen in
Fig. 12 that Siota1 enhances with increase in Bry for a specific value of Ny (or Ap,). Similarly,
Stotal increases with increase in Nyy (or Ap, ) when Br is kept at a constant value. In the latter
case, this increasing trend becomes more evident. Figure 13 shows the changing trend of Siotal
with Haq, Stotal increases rapidly at first, after a significant increase in Haj, the growing of
Stotal becomes insignificant. While as Haq is kept constant, Sioa increases with increase in
Ny (or Ap,) as well. As shown in Fig. 14, S.; has a similar effect on Siota which increases as
Se1 increases for a specific value of Ny (or Ap,) or vice versa.

6 Conclusions

The fully developed steady immiscible two-layer flow of nanofluids in a micro-channel in
the presence of electro-kinetic effects has been studied. Buongiorno’s model*?! has been ap-
plied for modelling the behavior of nanofluids. The conservation equations embodying the total
mass, momentum, thermal energy and nanoparticle volume fraction have been reduced into a
group of ordinary differential equations via appropriate similarity transformations. The conse-
quent system of those coupled equations has been solved analytically by means of the HAM.
Highly accurate analytical approximations for the electric potential, velocity, temperature and
nanoparticle volume fraction have been obtained. Important physical quantities and entropy
generation have been analyzed and discussed. A comparison has been made to determine the
significance of EDL effects in the presence of an external electric field. The major findings of
this work are summarized as follows:

(i) Buongiorno’s model®” is extended to describe two-layer nanofluids’ flow in a micro-
channel with EDL effects.

(ii) Analytical solution is obtained for the electrostatic potential.

(iii) Effects of various physical parameters on distributions of electrostatic potential, velocity
field, temperature distribution and nanoparticle volume fraction are graphically presented and
physically explained.

(iv) Although EDL effects are negligibly small in the presence of an external electric field,
these effects decrease with increase in the electro-osmotic parameter. This analysis supports
the findings by Zhao et al.l*3.

(v) Thermophoresis diffusion has significant effects on behaviors of two-layer nanofluids’ flow
in a micro-channel.

(vi) Viscosity in a micro-channel is a significant factor that is needed to be considered.

(vii) Evolution of total entropy analysis in a two-layer micro-channel is performed. The
changes in total entropy generation of the system with respect to the Hartman number and
Brinkman number follow the trends highlighted by Xie and Jian*?l. Whereas, the total en-
tropy increases when either of the thermophoretic diffusion parameter or electric field strength
parameter is increased.
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Appendix A
In the framework of the HAM, it is of importance to construct the HAM deformation equation,

(1= q)Lo(¥(n;9) — wo(n) = ghaNw (¥ (n; q)), (A1)

where Ly is the linear operator, Ny is the nonlinear operator, ¥(n; q) is the mapping function of ¢(n),
q € [0,1] is an embedding parameter, and Ay is the convergence-control parameter.

The mth-order deformation equation is obtained, by differentiating Eq. (A1) m times with respect
to ¢, then dividing by m/!, finally setting ¢ = 0, as

Ly (om(n) — Xmwo(n)) = hw R (n), (A2)
where
1 .9™$(n;q) _ 1 9™ INW(ng)]
Pm (n) - m| aqm q=07 Rm (77) - m| aqm_l q:O’ (AB)
and
0, m«<1,
X’":{L m > 1. (A4)

In application of the HAM technique into our problem, the linear operators for Egs. (20)—(27) are
chosen as
82
L=—. A5
= (45)
The initial guesses for the computations are given as

CAen(@e—G1) | hali FAchi(e

¢1’0(n) N )\Ehl + h2 + >\5h1 -|— h,g ’
b2.0(n) = (¢ —C1) |, haCi + Achilo
2O = N+ he T Ak +ha (A6)

u1,0(n) = u2,0(n) =0,
O1,0(n) = 02,0(n) = s1,0(n) = s2,0(n) = 1.
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Solutions to ¢i(n), ui(n), 6:(n), and s;(n) are expanded in the following forms:
oo o0
i = Gio + Z@,j, Ui = Ui0 + Zui,j,
i=1 J= (AT)
Si = Si0 + Zsi,j, 0; =60+ Zai,j-
j=1 Jj=1
The mth order HAM deformation equations can be written as
QZS;,,m - Xm¢;:m—1 = h¢iR¢i,m7 u;/,m - X’mu;/,m—l = huiRuq‘,,wu (A8)
Ggim - Xme;:mfl = h9iR9i,mv S:Ll,m - Xmsg/,m—l = hsiRsi)m
subject to the boundary conditions
n= —hi : ¢1,m = Ul,m = 91,m = $1,m =0,
A
¢1,m = ¢2,m7 Ui,m = A_EUQ,WM el,m = 02,m7
i
n= 0: S1,m = S2,m, ¢,1,m = )‘EQS/Q,mv u/l,m = )‘Eué,mv (Ag)

Ni1(81.m — ADgS2.m) + Ne1(01.m — Api02.m) = 0,
! !
el,m = )\kf92,m7
n= hs : ¢2,m = U2,m = 92,m =s2,m =0,

where Ry, fu;, ho,, and hs; (i = 1,2) are the respective convergence control parameters and Ry, .,

R Ry and Rs; m, for i = 1,2, are defined as

Ui, m ) i,m)

Ry, ., = o1 — K1P1Lm—1,
Ra,,, =3 m-1— Ko $2,m—1,
Ruy . =t o1 — Hajui m—1 + K1¢1,m—1 + (1 = Xm)(SerHa1 + T'1),
Rus.y =1 — Ha3uz,m—1 + K3¢2.m—1 + (1 — Xm)(Se2Has + T2),

m—1
1 / ’ ! /
R‘)l,m :Gl,m—l + E (NB191,j51,m—1—j + Ntlel,jol,m—l—j)
j=0
m—1
B ! ! B H 2 X X
+ (Briuy jut m—1-; + BriHajui ju1,m—1—5)
j=0

+

—

1-— Xm)Ql — QSelBrlHalul,m—17

m—1
R =0y Np2by s Ni2 6 65
02,m =02,m—1+ (NB205,552,m—1-j + Ne202 ;02 1)
=0

m—1

/ / 2
+ (Braus jus —1—; + BroHazuz ju2,m—1-5)

+ (1 = xm)Q2 — 2Sc2Bro Hazuz,m—1,

N,
R " t1 i
S$1,m —S1,m—1 + 01,m717
’ NB1

12
Rs; ,, =S2.m-1+ Noo 02.m—1-

>

10
All
Al2

)
)
)
13)

(
(
(
(

>

(A14)

(A15)
(A16)

(A17)
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The solutions to Eq. (A8) are expressed as follows:

b1,m (1) = G1(10) + XmP1,m—1(1) + Crm + C2m,

b2,m (1) = ¢3(1) + Xm¢2,m—1(n) + C3,m + Camn,
ur,m (1) = w1 (1) + Xmt1,m—1(1) + Cs5,m + Comn,
u2,m (n) = u3(n) + Xmu2,m—1(n) + C7,m + Cs,mn,
01,m(n) = 01 () + xXmb1,m—1(n) + Co,m + Cr0,mn,
02,m(n) = 03(n) + Xmb2,m-1(n) + C11,m + Crzmn,
s1,m(n) = 81 + Xm81,m-1(n) + C13,m + C1a,m7,

s2,m (1) = 83 + Xm52,m-1(1) + C15,m + C16,mn,

where ¢7,,,(n), ui (1), 07.,(n), and s}, (n) are particular solutions, defined by

¢; = L e, Ro, ], wi =L [hu, Ru,,, ),
9; = E_l[heiRei,mL 5: = ﬁ_l[hSiRSi,nLL

where £ is the inverse linear operator, which holds the following properties:

£ eon™ = —T £ ao(n) + bo(m)] = £ ao(m)] + £ Po(n)]-

(m+2)(m+1)

(A27)

The constants Cjim, @ = 1,2,---,16 defined in Egs. (A18) to (A25) can be obtained using the

boundary conditions (A9).
Appendix B

0
Bo(m) = [ (61 = sion)dn,
—hy
h2 2, 2
Boa(m) = [ (64 = kiou)dn,
0
0
E,, (m)= / (uf — Ha3u1 + Se1Hai +T1 + m%q&l)gdn,

ha
Eu,(m) = / (uy — Ha3us + SeaHas + Dy 4 ka5¢o)dn),
0

0
Eg, (m) = / (0) + Np101 st + Nu0P + Bri(uf + Hajui — 2Se Hayuy) + Q1)2dn,

ho
Egp,(m) = / (05 + Np20ssy + N2 + Brg(u;2 + Halu — 2SeoHazuz) + Qg)QdT],

0
Ne1 0\ 2

Es, (m) = s+ 2L dn,

,(m) /( Noooy) dn

ho N, 2
Es m) = S”+ t2 0// dn.
)= [ (s ko) an

(A28)
(A29)
(A30)
(A31)
(A32)
(A33)
(A34)

(A35)



