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àa´êâ�÷+��­�©|, 3ÅìÆS!|Ü`z!ÃiÒÆS!êâ©Û!

ã�?n�+�k2��A^, ´<ó�U+��9:¯K��"àa¯K�Ñ\´Ý

þ�mþ�êâ:,8I´òêâ8�â,«�qÝþg,©q,¦qSêâ:�q5¦

�Up, qmêâ:�q5¦�U$"

Äuy©�àaÏÙU
?nê�êâ!á5êâ!©�êâ!õxNêâ!lÑS

�!�mS�!6êâ�äk�~2��A^, 
 k-þ�K´y©àa¥��L"k-þ�

¯K´ÅìÆSÚ|Ü`z+��²;¯K��"�A� Lloyd �{´êâ�÷���

²;�{��, 3�«+��2�ïÄÚA^, AO´3ã�?nÚA�ó§�¡"k-þ

�¯K�Ñ\´ d �î¼�m Rd ¥��
êâ:8Ü C, 8I´l Rd ¥ÀÑ k �¥

%:,¦�¤kêâ:�lÙ�C�¥%:�ål�²�Ú��"k-þ�¯K´ NP-J¯

K[1], Ø
éuª�{, ��±lCq�{��Ý�Oõ�ª�m�{¦)"8c²;�

k-þ�¯K�Ð�(J´ Ahmadian �[2] �Ñ� 6.357-Cq�{"du k-þ�¯K3¢

SA^¥����¹õ«õ�,ØÓ��¹�U¬éål�ÑØÓ�½Â,éàa¥%æ

^ØÓ�À��ª, ½æ^ØÓ�`z8I¼ê, ù�ÒÚÑ
� k-þ�¯K�'��

«���C/¯K"k' k-þ�¯K9ÙC/¯K��#ïÄ(J, ïÆÖöë�nã

Ø©[3]"

3�8�pé��êâ��,^r�o�<Ûh�¿£FÃO�,��«êâ�÷�

{�5
#�]Ô, =3¦�Ulêâ¥�÷�õd��Ó�éÛh?1�o"3¢S

A^|µ¥, �Ñ\êâ¥k<S'X!¾¤!�r� ��'u�<�¯a&E�, ·

�F"�{�±�o^r�Ûh&E, ùÒÚu
<�é��oÛh��U�{�ïÄ,

X�Ûh��êâ¯K[4-7]!�Ûh����ä¯K[8-10]!�Ûh�Ã��ä¯K[11, 12]!

�Ûh��ÝÆSÚ��¯K[13-15]!�Ûh�g�`z¯K[16-18] �"

du k-þ�¯K´8cA^�2��àa¯K��, \þ<�é^rÛh�o�F

ÃO��@£ÚI¦, l
-u
é��oÛh� k-þ�¯K�{�ïÄ"��©Ûh

�|Ü`z¯K�ïÄ©u 2010 c Gupta[19] �ó�, ´ÅìÆSÚ|Ü`z+��c

÷��"�©Äk0� k-þ�¯KÚ�©ÛhVg±9ü«ØÓ��©Ûh�., ,�

0�)û�©Ûh¯K�ü«~^Å�, ��0�A« k-þ�¯K��©Ûh�{"

1 �©Ûh k-þ�¯K

1.1 k-þ�¯K

Äk·�0� k-þ�¯K9�
�'�ÎÒ"k-þ�¯K�Ñ\´ d�î¼�m Rd

þ�êâ:8Ü C, ±9��ê k, Ù¥ C ¥êâ:��ê� n"·��8I´l Rd ¥
ÀÑ k �:�¥%:8Ü S, ,�ò¤k�^r:Ñ©��lÙ�C�¥%:þ, ¦�

¤k^r:�ÙéA�¥%:�ål�²�Ú��"éu Rd þ�?¿ü: i, j ∈ Rd, ·
�^ δ(i, j)5L«¦��m�ål"
éu?¿�: j Ú?¿8Ü S �m�ål·�^

δ(S, j) = mini∈S δ(i, j)5L«"ù� k-þ�¯K�±£ã�,3 Rd þé�Äê� k �¥

%:8Ü S, ¦�eª����µ

cost(S) =
∑
j∈C

δ(S, j)2"



3 Ï k-þ�¯K��©Ûh�{nã 3

du k-þ�¯K´ NP-J¯K[1], �±¦^Cq�{é�/ª� α×OPT + β �),

Ù¥ OPT L«¯K��`)��"α × OPT + β ¥� α × OPT ¡�¦{�Ø�, α �

¦{�Ø��Xê, β ¡�\{�Ø�"du�©� k-þ�¯K�¥%:8Ü´3 Rd þ
À��, 
 Rd þ�:´Ã¡õ�, ùÒ��
Nõéuª�{ÚCq�{Ã{��A^

u�©� k-þ�¯K,Ï
8c�[Ì�ïÄ�Ñ´lÑ k-þ�¯K"3ù�¯K¥,¥

%:8Ü S Ø´l Rd þÀ��, 
´l Rd �k�f8 F þÀ��"Matoušek[20] u

2000 cJÑ
3 Rd þÏéCq¥%:8Ü��{, $^¦��{�±3õ�ª�mS

é����� O(nε−d log(1/ε)) �Cq¥%:8Ü F ⊆ Rd, 3 F þÀ�¥%:Ú3 Rd

þÀ�¥%:, ü�¯K�Cq'�¬�� (1 + ε)"�â¦�(Ø�±��lÑ k-þ�

¯KÚ�©� k-þ�¯K�)��Ø�, 
lÑ k-þ�¯K��½�±4·�|^¯õ

�éuª�{ÚCq�{"

1.2 �©ÛhVg

3¢SA^¥,�Ñ\êâ (~X<S'X!¾¤!�r� ��)´'u�<�¯a

&E�, 3|^²;�{5?nù
êâ�, ¬¦�<¯a&Ek�³Ú�ôÂ�ºx"

b�k n �: c1, c2, · · · , cn, �âØ�Ûh��{Ù¥%�O��ª�:

s =

∑n
j=1 cj

n
"

d�XJ�3��ôÂö, ÙPk���Ý��	�£, =�� c1, c2, · · · , cn−1 �:� 
�, @oÙ�±é�t/ÏLN^�{üg�� s Ú s1

s1 =

∑n−1
j=1 cj

n− 1
"

2ÏL s Ú s1 �m��å�� cn  ��:

cn = sn− s1(n− 1)"

�±w�ôÂö�I­EN^�{, O���êâ8�ÑÑ�Ò�±é�´���

^r�Ûh&E"�
���ôÂ, XÛ�OÑQU¿©|^êâ��NÚO5�5?

1O�, qU�yØ�³êâ&E�Ûh�{Òw��	­�
"�e50� Dwork[21]

u 2006 cJÑ��©ÛhVg"

½Â1[22] �½���Å�{ M ,P�{�ÑÑ�m� Range(M),��{�Ñ\´

ü���������êâ A = {x1, x2, · · · , xn, xn+1} Ú B = {x1, x2, · · · , xn} �, éu

?¿ÑÑ8Ü N ⊆ Range(M), okeª¤á, K¡ù��Å�{ M ÷v ε-�©Ûh:

Pr[M(A) ∈ N ] 6 exp(ε)× Pr[M(B) ∈ N ]"

{ü5`,÷v�©Ûh��{�y�Ñ\�k����u)UC�,���{�O

�(J�©ÙØ¬u)²wCz"�©Ûh�{�±�y�ôÂö���^r xn+1 �

 �&E�, =¦ôÂöPk��Ø xn+1 ^r �±	�&E (X�{zg�ÑÑ, Ù

¦^r�&E�), Ù�Ø�U��^r xn+1 �ý¢&E, ôÂö$�Ø��^r xn+1

´Ä3êâ¥¥, Ï��©Ûh½Âe��{éu�<&E��o´�©î��"ù�
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½Â��¡�y
�<¯aêâ�Ûh,��
�©ôÂ�u),,��¡Ù#N�{3

�þ�<�U¦��êâ��Ñ�A�N�,ùÒ�y
�{�(¯5Úk�5,¦��

{3Ûh�oÚ�{�5Uü�¡��
²ï"

éuE,�Ûh�o¯K, �U¬õgA^�©Ûh�o�{±���Ð�Ûh�

o�J"Mcsherry �[23, 24] JÑ
Ûh�o�{�ü�|Ü5�µS�|Ü5�¿1|

Ü5"

5� 1 (S�|Ü5[23]) �k t ��©Ûh�{ M1,M2, · · · ,Mt, Ù¥�{ Mi(1 6

i 6 t) ÷v εi-�©Ûh"éuÓ��êâ8 C, ^S¦^ù
�{ Mi ¤�¤�|Ü�

{ M(C) = {Mi(C)} ÷v (
∑t
i=1 εi)-�©Ûh"

5� 2 (¿1|Ü5[24]) �k t ��©Ûh�{ M1,M2, · · · ,Mt, Ù¥�{ Mi(1 6

i 6 t) ÷v εi-�©Ûh"éuØ���êâ8 C1, C2, · · · , Ct, ©O¦^ù
�{¤�
¤�|Ü�{ M(C1, C2, · · · , Ct) = {M1(C1),M2(C2), · · · ,Mt(Ct)} ÷v (max{εi})-�©
Ûh"

1.3 �©Ûh�.

3Ûhàa+�, Ì��Ûh�.©�ü«"�«¡�8¥ª�©Ûh (centralized

differential privacy), 3ù��.e, �3���&6�êâ¥%, ÙÂ8¤k^r�ý¢

&E,éù
ý¢&E?1O�¿uÙ÷v�©Ûh�&E�ú¯±ø�Î"3ù��.

e, êâ¥%uÙ�&E´÷v�©Ûh�, Ï
Ø¬�³�r�ý¢&E"�3y¢�

¹¥^rý¢&E��³�UÑy3êâ¥%��;�!, =¦´Í¶úi�²~Ñy

�³�r&E��¹"~X, 2018 c�y� Google+ ���äê��^rÛhêâ�Í

1"2019c,�L 2.67·� Facebook^r�^r ID!>{ÒèÚ6¶3�þ�úm[25]"


3 2020 c 2 �k 650 �±Ú�À¬��<êâduÀÞ<A^§S�"�
��

³[26]"�
)û±þ¯K<�JÑ,�«�©Ûh�., ÛÜ�©Ûh (local differential

privacy) �., 3ù��.e<�Ø2&?êâ¥%, <�3òêâ��¥%��ÿ®

²éêâ?16ÄÚ\�?n, �kêâ¤köâU�¯gC��©êâ, 
êâ¥%

���êâ´²L6Ä�Øý¢êâ, ù��±�^rJø�r�Ûh�o"�Ù�Ó

��3�
¯K, ~Xêâ¥%��{3?nêâ�, du�{Ñ\Ò®²´�ý¢&

E,@o���{�ÑÑg,�¬�k�½§Ý� �,¤±8¥ª�©Ûh (centralized

differential privacy) �.e, �{�5­�´^rÛh��o, 
3ÛÜ�©Ûh (local

differential privacy)�.e,�{�5­�´�{5U��±"ùÒ��
ü��.e,�

©Ûh�{�ØÓ"

1.4 �©Ûh k-þ�¯K

¯K 1 (�©Ûh k-þ�¯K):Ñ\ d�î¼�m Rd þ���^r:8Ü C,±9

����ê k"·�F"�O���{l Rd ÀÑ k �:�¥%:8Ü S, �{÷v ε-�

©Ûh, �¦�eª����:

cost(S) =
∑
j∈C

δ(S, j)2"

�â Bassily�[27] �(J·��±��,�Ø�Ûh�àa¯KØÓ�´,?Û�©

Ûhàa�{�Cq'¥� β þØ� 0"·�3�©Ûhe� k-þ�¯K¥���o�
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´^r:8Ü C � �&E"

2 �©Ûh¯K~^Å�

�OÑ÷v�©Ûh� k-þ�¯K��{���g´´éuDÚ� k-þ�¯K��

{?1�Åz, 3DÚ�ÛÜ|¢!k-þ�++ � k-þ�¯K�{�Ä:þ, $^Ûh�

o¥��êÅ�Ú.Ê.dÅ�éÙ?1UE, l
�OÑÜ·�÷v�©Ûh� k-þ

�¯K��{"·�3ù!¥Ì�0��êÅ�Ú.Ê.dÅ�"

2.1 �êÅ�

McSherry�[23] u 2007cJÑ
�êÅ� (Exponential Mechanism)"éu¯K�Ñ

\� D ��|êþ� n�Ñ\ d,ÛhÅ��8I´�Å�ò dN��ÑÑ� R¥�,
�ÑÑ"3�êÅ�¥�3���©¼ê q : Dn×R→ R,d¼êéu?¿� Dn×R¥�
�é (d, r) Ñ¬�Ñ��©ê, ·��±n)�©ê�p, r �Ð"�½��Ñ\ d ∈ Dn,

TÅ��8I´�£�� r ∈ R, ¦�÷v�©Ûh�cJe, q(d, r) �©ê�p�Ð"

�êÅ�Xeª¤«µ��½��Ñ\ d ∈ Dn Ú��ëê ε �, �êÅ�ÀJ R ¥�
� r �VÇ�'u exp(εq(d, r))

Pr[εεq(d) = r] ∝ exp(εq(d, r))"

d	XJ¼ê q(d, r) éu��������Ñ\ d1 Ú d2, Ù¼ê����UCþ

� ∆, = ∆ = maxd1,d2∈Dn‖q(d1, r)− q(d2, r)‖, @okXe½n¤á:

½n 1[23] �êÅ� εεq �±
 (2ε∆)-�©Ûh"

du3|Ü`z¥¯K�Ñ\ÚÑÑ�õ´lÑ�, ¤±·��k±e½n¤á"

½n 2[19] éu��¯K�)8Ü R, Ú)���f8Ü ROPT, ROPT Ù¥���

r ÷v q(d, r) = maxr∈R q(d, r), �½ëê t, ε, �·�$^�êÅ�l R ¥]À��ÑÑ

r′ = εεq(d) ��ÿ, Ù�± (2ε∆)-�©Ûh, �k:

Pr[q(d, εεq(d)) > max
r∈R

q(d, r)− ln(| R | / | ROPT |)/ε− t/ε] > 1− exp(−t)"

±þ½nL��´,�¦^�êÅ�À�¯K�)�,±���VÇ�êÅ�À��

� r′ ��© q(d, r′ = εεq(d))Ú�`)��© q(d, r ∈ ROPT) = maxr q(d, r)����~ê

ln(| R | / | ROPT |)/ε+ t/ε,��±�âI�N!ëê t, ε5��VÇÚ~ê��"�é{

`,�^�êÅ�5]ÀÿÀ)��ÿ,ÏL�êÅ�ÀÑ5�)Ú¯K�`)����

�Ø�"�êÅ�duäkþã5��Ù´u¦^Ú©Û, 2\þ�êÅ��~·^u

lÑ¯K, Ï
3|Ü`z+�, �õêÛh�{þ¦^
�êÅ�, Xàa¯K[19, 28]!

g�¯K[17] �"

2.2 .Ê.dÅ�

½Â 2[29] éu��½Â3 D þ�¼ê f : D → R, ^ ∆(f) = maxd1,d2∈D‖f(d1)−
f(d2)‖1 L«¼ê���UCþ, .Ê.dÅ� (Laplace Mechanism) ´�:

f(D̂) = f(D) + Lap(∆(f)/ε)"
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Lap(∆(f)/ε) L«Ñl.Ê.d©Ù��ÅD(, Ù¥©Ù� �ëê� 0, ºÝë

ê� (∆(f)/ε)".Ê.dÅ�ÏL��{(J¥\\Ñl.Ê.d©Ù��ÅD(5¢

y ε-�©Ûh�o"XJr\\Ñl.Ê.d©Ù��ÅD(U¤Ñlpd©Ù��Å

D(, @oùÒ��pdÅ�".Ê.dÅ��\·ÜëY�¯KÚ�{, éu�{�¥

mL§½ö(J¥\\����ÅD(±¼��{5UÚÛh�o�²ï"D(��,�

{���(JÒ�Ð, D(��, ^r�Ûh�o�J�Ð, ��{��(J��UÉ�

��K�l
Ø�O("�D(´ Lap(∆(f)/ε) �·��k±e½n¤á"

½n 3[29] .Ê.dÅ�\\�D(� Lap(∆(f)/ε) �, Ù�±
 ε-�©Ûh"

�êÅ�Ú.Ê.dÅ�´��2�Ú~��ü«Ûh�oÅ�, üö��±^5

�O�«¯K�Ûh�o�{"Ù«O3u�êÅ���^ulÑ¯KÚ|Ü�{, =

¯K�Ñ\!)�m!�{�lÑ���, �êÅ�'�·Ü"
.Ê.dÅ��·^u

ëY¯KÚëY`z�{, =¯K�Ñ\!)�m!�{�ëY���, .Ê.dÅ�'

�·Ü"

�d·�®²0�
ü«�~^�Ûh�oÅ�, ¤k� k-þ�¯K�Ûh�o�

{Ñ´DÚ�{Ú±þü«Ûh�oÅ��(Ü, e¡�Ù!·�m©0� k-þ�¯K

��©Ûh�o�{"

3 k-þ�¯K��©Ûh�o�{

3.1 Äu CDP � k-þ�¯K��©Ûh�{

38¥ª�©Ûh (CDP) �.e, Xã 1 ¤«�3���&6�êâ¥%, ÙÂ

8¤k^r�ý¢&E, éù
ý¢&E?1O�¿uÙ÷v�©Ûh�&E�ú¯±

ø�Î"3ù��.e, êâ¥%uÙ�&E´÷v�©Ûh�Ï
Ø¬�³�r�ý

¢&E"38¥ª�©Ûh (CDP) �.e'uÛh k-þ�¯KkXØ��ó�X©z

[28,30-36] �, du�Ì��·�]ÀÙ¥äk�L5�A�ó�?10�"3ù�Ù·

��½¯K�Ñ\:�8Ü� C ⊆Rd, Ñ\:�ê8� n, ¥%:ÿÀ8� F , àa¤I

¥%:�ê8� k"3ù��.ek k-þ�++�{!ÛÜ|¢E|!��CXE|��

Ûh�oÅ��(Ü
¤�Ûh�o�{, �e5·���éÙ?10�"

( )

( )

x1 x2 x3 x
n

...

ã 1 8¥ª�©Ûh(CDP)�.
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3.1.1 Äu k-þ�++ �{��©Ûh�{

Nock �<[34] u 2016 c3Í¶� k-þ�++ �{[37] �Ä:þJÑ
 k-variates++

�{,¿y²Ù÷v�©ÛhI¦"k-variates++�{�Ø%g�´3 k-þ�++�{�

Ä:þ¦^.Ê.dÅ�O\D(5�±Ûh"- ∆ = maxci,cj∈C‖ci − cj‖2 �êâ8¥
?¿ü:m���ål"¦��{�Cq'� O(log k)×OPT +O(n∆2/(ε+ log n)2)"

�{ 1[34]

Ñ\µêâ8 C = {ci}ni=1 ⊆ Rd, �|©Ù {p(µc, θc), c ∈ C)}, ¥%:êþ k"

Ú½ 1 Ð©z¥%:8Ü S = ∅"
Ú½ 2 ^ t 5L«�{S��gê, t = 1, 2, 3, · · · , k"
Ú½ 2.1 � t = 1 �, - q1 ´ C þ�þ!©Ù"�â©Ù q1 l C ¥�Å�Ñ��:

ct"� t > 1 �, �âêâ:�®k¥%:8 S �ål5�E#�©Ù qt

qt(c) = Et(c)(
∑
c′∈C

Et(c
′
))−1"

Ù¥

Et(c) = mins∈S ‖ c− s ‖22

L«:�®k¥%:8Ü S ¥lÙ�C�¥%:�ål"�â#�©Ù qt l C ¥

�Å�Ñ��: ct"

Ú½ 2.2 |^#ÀÑ�: ct ÙéA�©Ù p(µct , θct), l¥�ÅÀÑ#�¥%: st"

Ú½ 2.3 r st \\�¥%:8 S ¥�# S"

ÑÑµ�ª�¥%:8 S"

T�{� k-þ�++�{���«O3u, k-þ�++�{zgÀ�¥%:´�âê

â:�®k¥%:8Ü�ål5O�z�êâ:�À�e��¥%:�VÇ, l®k¥

%:8Ü���:�À�e��¥%:�VÇ��"
 k-variates++ �{��NµeÚ

k-þ�++�{��,�´3�âêâ:�®k¥%:8Ü�ålÀÑ#�ÿÀ¥%: ct

�¿Ø��òÙ½�e��¥%:, 
´± ct �¥%3±��EÑ��.Ê.d©Ù,

,��âù�©Ù3 ct ±��ÅÀJ#�: st ��e��¥%:, l
�±
�{�

Ûh5"�uXÛÀ�Ü·�ëê�EÑ÷v.Ê.d©Ù� p(µct , θct), �[SN�Ö

ö�w©z[34]"

3.1.2 ÄuÛÜ|¢E|��©Ûh�{

Balcan �[28] u 2017 cJÑ
ÛÜ|¢E|��êÅ�(Ü
¤� k-þ�¯K�

Ûh�o�{"¦��{�Ì�g�ë�
 Gupta�[19] u 2010cJÑ� k-¥ ¯K�

Ûh�o�{"3DÚ�ÛÜ|¢�{¥·�z�ÚÀJé�c)�U?þ�����

é?1��l
�)#�), 
3Ûh�{¥¦�r�{zÚ���Oþ��éC¤


±�êÅ�VÇÀJ��é, òÛÜ|¢E|��êÅ��(Ü"¦��{�Cq'�

O(log3(n))×OPT +O(poly(log(n), d, k))"

du Matoušek[20] �©ÙØU��A^uÛhàa¯K, =ØU{ü/A^¦��

E|�)÷v�©Ûh�Cq¥%:ÿÀ8 F , ¤± Balcan �[28] JÑ
��÷v�©
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Ûh�Cq¥%:�{, ÙÌ�g�´3 Matoušek[20] �{�Ä:þ�Å\DÑ, l
�

��)ÛhCq¥%:ÿÀ8�8�"
3�)�Cq¥%:ÿÀ8 F þÏé k �¥%

:Ú3 Rd þÏé k �¥%:�ü�¯K�)�'� O(log3(n)),qÏÛÜ|¢E|´~

êCq'E|, l
��
±þ��{Cq'"

�{ 2[28]

Ñ\: êâ8 C = {ci}ni=1 ⊆ Rd, C ¥�����Ýþ ‖ci‖2 6 Λ, ëê ε, δ, ¥%:ÿÀ

8 F , ¥%:êþ k"

Ú½ 1 þ!/l F ¥ÕáÓ©Ù�æ� k �¥%:�¤Ð©¥%:8 Z0, - T =

100k log(n/δ)"

Ú½ 2 ^ t 5L«�{S��gê, t = 1, 2, 3, · · · , T"

3z�gS�¥éu?¿�ü: (x ∈ Zt−1, y ∈ F\Zt−1), ·�l�c¥%:

8 Zt−1 ¥<Ñ x, r y \\�c¥%:8 Zt−1 �����#¥%:8P� Z ′ =

Zt−1 − {x}+ {y}"H{¤k�:é (x ∈ Zt−1, y ∈ F\Zt−1), ±�'ueª�VÇÀ

Ñ�é (x, y)

exp

(
−εcost(Z ′)− cost(Zt−1)

8Λ2(T + 1)

)
,

=3�c¥%:8¥r x<Ñ,r y �\�E¤�8I¼ê~�þ��� (x, y)

é�À¥�VÇ��"�âÀÑ� (x, y) �Ee���¥%:8Ü Zt ← Zt−1 −
{x}+ {y}"

Ú½ 3 d�·���
 T �¥%:8 Z0, Z1, · · · , ZT−1"éuù T �¥%:8±�

'ueª�VÇÀÑ���ª)

exp

(
−ε cost(Zt)

8Λ2(T + 1)

)
,

=8I¼ê����¥%:8�À¥�VÇ��"

ÑÑ: �ª�¥%:8 Z = {z1, z2, · · · , zk} ⊆ F"

3.1.3 Äu8ÜCXE|��©Ûh�{

�cÙ!J��ü��{�Cq'¿Ø�~ê, =�{Cq'�¦{�Ø�XêØ

� O(1), ùÌ�´Ï� Matoušek[20] �©ÙØU��A^uÛhàa¯K, =ØU{ü

/A^¦��E|�)÷v�©Ûh�Cq¥%:ÿÀ8 F , ¤±3 Rd þÀ¥%:Ú
3Cq¥%:ÿÀ8 F þÀ¥%:¬�������Cq'u)"
du�õê k-þ�

¯K��©Ûh�{´ÛhÅ��²; k-þ�¯K�{�(Ü, �²; k-þ�¯K��

{®éJU?���~êCq'"¤±�Y�ó��õ8¥3XÛ�)�Ð�ÛhCq

¥%:ÿÀ8 F þ, �kéÑv
Ð�ÛhCq¥%:ÿÀ8 F â�±ò�{�Cq

'?1U?"

3�C�ü�©z[35, 36]¥,�öÏLõ«E|Ú�{X JLü�E|!8ÜCX¯

K��
�{2(Üü«ÛhÅ�¤õ��)
�Ð�ÛhCq¥%:ÿÀ8 F ,l
¤

õr CDPe� k-þ�¯K�Cq'�¦{�Ø�XêU?�
 O(1)�§Ý"�e5·

�é Nguyen�[36] ��{�{ü0�,¦��{�Cq'� O(1)×OPT+O(poly(log(n),√
d, k))"
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�{ 3[36]

Ñ\: êâ8 C = {ci}ni=1 ⊆ Rd, C ¥�����Ýþ ‖ ci ‖26 ∆, ëê ε, ¥%:êþ

k"

Ú½ 1 �E��Ü·�JLü�N� T ′ rêâ8 C N�����Ý� d′ ��mþ,P

ü���êâ8� C ′"

C ′ ← T ′(C),

d′ = O(
log n

ε2
)"

Ú½ 2 �½ëê, - r1 ← 1/n, t1 ← ε
n
√
d′
"

l i = 1 m©ò�{2$1 m g, m = dlog1+ε 2ne"

Si ← �{2(C ′, ti, ri)"

zg�#ëê ri+1 ← (1 + ε)ri, ti+1 ← (1 + ε)ti"

����ÿÀ¥%:8Ü S =
⋃m
i=1 Si"

Ú½ 3 r¤k C ′ ¥�: c Ñ����C� S ¥�:, P� grid[c]"

éu¤k� S ¥�: s,P��� sþ� C ′ ¥�:�êþ� ns,¿r¦��±

�:�êþ�O\��LaplaceD(����#�±�:�êþ�O� n′s"

n′s ← ns + Lap(1/εL)"

r S ¥¤k�: s �/E� n′s g, )¤��#�:8ÜP� C ′′"

Ú½ 4 é C ′′ ¦^Lloyd�{��#�¥%:8Ü S′′ = {s′′1 , · · · , s′′k}"r C ′ ¥�:�

���C� s′′i þ, �â s′′i r C ′ y©¤ k �a, 1 i aP� C ′i"

éuù k �a©O$1�{3, ����� k �¥%: ŝi"

ŝi =�{ 3 (C, 1C′i , εG, δG)"

{1C′i(c) L« T ′(c) ´Ä3 C ′i S}"

ÑÑ: �ª�¥%:8 Ŝ = {ŝ1, ŝ2, · · · , ŝk}"

�{����±©�oÚ: (1) �E��Ü·� JL ü�N� T ′ rêâ8 C N��

���Ý� d′ ��mþ, Pü���êâ8� C ′"(2) éü���êâ8 C ′ $1�{

2 ��Cq¥%:8Ü S"Ù¥�{ 2 $^
�ê8ÜÚ8ÜCX�{5é�Ü·�C

q¥%:8Ü"(3) ^ S 5�E��#�Cq�:85�L�êâ8 C ′, �E�{Ò´

r C ′ ¥�:�Ü���lÙ�C�Cq¥%: s þ, ¿r s :±��:?1Oê, r

Oê\þ Laplace D(�P� n′s, ¿r S ¥�:3�/E� n′s gl
�EÑ#�:8

C ′′"ù��EÑ5�:8 C ′′ �±Cq��L�êâ8 C ′, ��±Ûh"(4) éu�E

Ñ�Cqêâ8 C ′′ $^?¿� k-þ�¯K��{X²;� Lloyd �{��¥%:8Ü

S′′ = {s′′1 , · · · , s′′k}"2¦^ù
¥%: S′′ = {s′′1 , · · · , s′′k} r C ′ ?1y©�� k �a C ′i,

��éz�a C ′i $1�{ 3�����¥%: ŝi"�{ 3´ Nissim�[38] u 2016cJ

Ñ��{,�±3�DÑÚ�±Ûh��¹e�Oàa8Ü�²þ�,l
�����à

a¥%"
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3.1.4 Äu CDP � k-þ�¯K�Ù¦�©Ûh�{

Ø±þA«�{	, �kÙ¦A« CDP e� k-þ�¯K��©Ûh�{"

Ù¥�@�´d McSherry�[24,39] u 2005cÄgJÑ,�u 2009cA^u�©Û

hþ� DPLloyd �{, ¦��{�Ì�g�´3�©� Lloyd �{þz�ÚþV\.Ê

.dD(, l
��÷v�©ÛhI¦�8�, Ó��{�S�gêI��½, ±û½z

gS�I�V\õ�D("

Ùgk Nissim �[40] u 2007 cJÑ�æ�ÚàÜµe"3dµee� k-þ�¯K,

Äkéu�½�Ñ\êâ8 C, �{rêâ8 C ©¤ l ¬, P� C1, · · · , Cl, ,��{3
z�¬ Ci(1 6 i 6 l) þ©OO�éA�¥%:8Ü Oi, ��§�Ûh�ò¤k¬�¥

%:8Ü Σl1Oi ¦²þÚ\DÑ, l
ÑÑ���(J"du C ¥�?Ûü���Ñá

\��¬¥,V\�����õ�UK���¬�(J,l
��
àÜÚ½�Ûh¯a

5"Ïd�±3���ÚV\���D(±÷v�©Ûh"

�k Zhang�[41]u 2013cJÑ�Äu¢D�{��©Ûh�.[Üµe PrivGene,

�½��êâ8 C Ú��·AÝ�©¼ê f(C, θ), 8I´é��`�ëê θ∗ ¦��©

¼ê��"PrivGene �{Ð©z�|�U�ëê θ ¿ÏL GA �{5ØäÀ�#� θ"

äN5`, 3zgS�L§¥, PrivGene �{¦^�êÅ�l�cÿÀ8Ü¥ÀJäk

�Z·AÝ�©� m
′
�ëê, ¿ÏL��ÚCÉl m

′
�ÀJ�ëê¥)¤#�e��

ÿÀ8"¦�òdµeA^u k-þ�¯K¿�
ê�¢�, ¢�(Jy²
Ùµe�`

�5"

��'uT¯K�Ð�Cq'�¦{�Ø�´ Ghazi �[42] uLu 2020 c�©Ù,

¦��©ÙÄkÏL JLü�E|[43]!Kirszbraun½n[44] �r¯Kl��mÝK���

�Ý� O(log k)�$��mþ,,�ÏL��¶� DensestBall�E|3T�mþé��

����Cq¥%:8Ü,�X3TCq¥%:8ÜþÏL Feldman�[45] �E|é�÷

v�©Ûh�Cq¥%:8Ü, ��3÷v�©Ûh�Cq¥%:8ÜþN^?¿��

Ûh k-þ�¯K��{���ª(J"T©Ù®²rCq'�¦{�Ø��XêU?�


 6.358§
Ù\{�Ø�� O(((kd+ kO(α(1)))/ε) · poly log(n))"

�
�ÖÚ�Î�B, ·�3L 1 ¥�Ñ
�©J���
 CDP e� k-þ�¯K

��{(Jé'"Ù¥ α L«��é��~ê, η L«?¿��Ûh k-þ�¯K��{

Cq', k ´àa¥%ê, d ´�m�Ý, n ´Ñ\êâ8��, ε ´Ûhëê"

L 1 CDP e� k-þ�¯K��{é'

©z ¦{�Ø�Xê \{�Ø�

Nock �[34] O(log(k)) O(n∆2/(ε+ logn)2)

Balcan �[28] O(log3(n)) O(poly(log(n), d, k))

Nguyen �[36] O(1) O(poly(log(n),
√
d, k))

Ghazi �[42] (1 + α) · η O(((kd+ kO(α(1)))/ε) · poly log(n))

3.2 Äu LDP � k-þ�¯K��©Ûh�{

3ù�!·�0�ÛÜ�©Ûh (LDP)�.e� k-þ�¯K��{"�'u8¥ª

�©Ûh (CDP) �.e� k-þ�¯K, Cc5ïÄÛÜ�©Ûh (LDP) �.e� k-þ

�¯K�©ÙêþÑ�"3 LDP�.e,Xã 2¤«,^r3þ�&E�Ò�
DÑ,Ï
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 LDP � k-þ�¯K��{�'u CDP �.e��{, Ù�5­éu^rÚO5U�

�o,I�é^r�ý¢êâ?1�
ÚOþ��O,l
3�oÛh�Ó��±�{�

5U"XJé^r��DÑêâØ\?nÚ�O��¦^,�U¬���{�5U��"

( )

( )

x1 x2 x3 x
n

...

ã 2 ÛÜ�©Ûh(LDP)�.

3.2.1 ÄuD(�OÚMFN���©Ûh�{

ù�!·�0� Stemmer[46] u 2020cJÑ�ÄuD(�OÚMFN���©Ûh

�{"3�có�X NissimÚ Stemmer[47], KaplanÚ Stemmer[48] �Ä:þ, Stemmer[46]

��{ò¯K�Cq'U?� O(1)×OPT +O(n1/2+a · k ·max{
√
d,
√
k}), T�{�´8

c LDP �.e k-þ�¯K�Ð��{��"¦���{��©�±en�Ü©: 1!3

Rd þ�EÑ5��Ð�Cq¥%:ÿÀ8 F"2!éuCq¥%:ÿÀ8 F ¥�z��

: f ∈ F , ^ #C(f) 5L« f ´l¦��C�¥%:�@
^r:�êþ"̂ #̂C(f) 5

L« #C(f) ��D(�Ø��O, $^�
�{5�OÑ #̂C(f) ��^±÷v LDP �

�å^�"3!éDÑ�O #̂C(f)Úq¥%:ÿÀ8 F ?1?n,l¥ÀÑ k �¥%:±

÷v¯K�¦"·�ò���{3e¡�Ñ, äNëêÚ��[��{�w Stemmer[46]

�©Ù"

�{ 4[46]

Ñ\: �}VÇ β, Ûhëê ε, δ, ^r:Ñ\ S = (x1, · · · , xn), ‖ xi ‖26 Λ, ëê t, d"

Ú½ 1 �EÿÀ¥%8µ±ëê t, ε, δ 9ëê r = Λ,Λ/2,Λ/4, · · · ,Λ/n, 3 S þ$1

�{GoodCentersõg,���X��¥%:8Ü Y r1 , · · · , Y rM"r¤k� Y rm �8Ü

P� Y , = Y =
⋃
r,m Y

r
m"

Ú½ 2 �â�{r^r:���ÿÀ¥%: Y þµP���ª� a(i, xi)"

Ú½ 3 �OÿÀ¥%:8Ü��­µ^ ε/4-LDP �{5éz��ÿÀ¥%: y ∈ Y
���±�:êþ��O â(y) ≈ a(y) ,| {i : a(i, xi) = y} |"

Ú½ 4 ­#r^r:���ÿÀ¥%: Y þµ- W = {y ∈ Y : â(y) > Ω(ε, n, d, δ, β)},
L«3Ûh�Oe±�^r:�õ�ÿÀ¥%:8Ü"Ó�P#����ª� b(i, xi)"

éu3 W ¥�¥%: a(i, xi),- b(i, xi) = a(i, xi),éuÙ¦� a(i, xi),ò b(i, xi)½

Â� W ¥l xi �C�¥%:"

Ú½ 5 2g�OÿÀ¥%:8Ü��­µ^ ε/4-LDP �{5éz��ÿÀ¥%:

y ∈W ���±�:êþ��O b̂(y) ≈ b(y) ,| {i : b(i, xi) = y} |"
Ú½ 6 ^�êÅ�ÀJe�Ú�ÿÀ¥%:8ÜµÐ©z Z0 = ∅"l i = 1 ��

i = 100k ­E±eÚ½:
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Ú½ 6.1 ±�'ueª�VÇl W ¥ÀÑ�: w:

b̂(w) · min
z∈Zi−1

‖ w − z ‖2 "

Ú½ 6.2 Zi ← Zi−1 ∪ {w}"
Ú½ 7 ��¤õVÇµ­EÚ½ 6"�� O(log(1/β))g,r�����êþ� O(100k ·

log(1/β)) �¥%:8ÜP� Z"

Ú½ 8 2g�OÿÀ¥%:8Ü��­µ^ ε/4-LDP �{5éz��ÿÀ¥%:

z ∈ Z ���±�:êþ��O ζ̂(z) ≈ ζ(z) ,| {i : Z(xi) = z} |"Z(xi) L« Z ¥l

xi �C�:"

ÑÑ: (Z, ζ̂)"

l���{�±wÑ�{�Ì�ó�Ò3u�EÿÀ¥%8Úé�D(�^r:�

 �?1�E�µ�,duÐ©êâ�DÑ,Ï
z�ÚÑI�é^r:� �?1�O

±O�ÿÀ¥%:NC�^r:êþ"Ù¥�EÿÀ¥%8��{ GoodCenters,§�g

�´¦^ÛÜ¯a�MF¼êéÑ\:?1MF?n, ¦��C�Ñ\:�VÇN��

Ó��MF�,
l���:N��Ù¦�MF�,�âMF�r±�Pk�þ:�/�

��ÿÀ¥%:"Ù¥ ε/4-LDP �{´é�DÑ�:� �?1�O, Ù^��g�´

5
u?n�Ûh�Oê¯K��'�{[49], Ù�±3�Ûh��¹e�OÑ�Ñ\�

Cq©Ù"

3.2.2 Äu LDP � k-þ�¯K�Ù¦�©Ûh�{

du Stemmer[46] ��{�¹
éõÓ,z�ÓÑI�^�þ�Ó��Ûh�ÑÑ�

�Ñ\, Ó�Ù�{�Cq'� O(1)×OPT + O(n1/2+a · k ·max{
√
d,
√
k}), 
Cq'¥

�¦{�~ê�3 100±þ"�
)ûù�¯K3 2021c� ICMLþ Chang�[50] JÑ


�� LDPe� k-þ�¯K��©Ûh�{,¦���{�Cq'�¦{�Ø�Xê�

6.358, r�c Stemmer[46] ��{�¦{�Ø�ü$�
��é��~ê, Ó�¦��{

Cq'�\{�Ø�� O(kOα(1) ·
√
nd · poly(log(n)/ε)), �¦���{´���Ó���

pª�{"¦��{��©�üÚ: (1) ¦^ Har-Peled �[51] JÑ�¶� net tree �©�

êâ(�5�E���Ûh�CqÿÀ¥%:8Ü"(2)3ù��Ûh�ÿÀ¥%:8Ü

þ$1²;�Ø�Ûh� k-þ�¯K��{X Ahmadian �[2] �Ñ�Cq'� 6.357 �

Cq�{5���ª(J"©Ù¥^5�E�Ûh�CqÿÀ¥%:8Ü�ù�ä�ê

â(�¥, ä�z��f�L¯K�Ñ\:, ä���U°O��L��Ñ\8Ü, Ó�

�
Ûh, �I�ä¥5\D("éuù�ä, ä��f���éÑ\8Ü�[ÜÒ¬Ø

°O, ä��f�õ�DÑ�5�Ø�Ò¬é�"©Ù�Ì��z´Jø
�«�ïä

��{, �±3±þü��¡��²ï�Ø¬é k-þ�¯K�8I�)��K�"Ó�

¦��3¦^·Üpd©Ù)¤�êâ8þégC��{?1
¢�, ¢�(JÎÜ�

{ýÏ�J"

,k Chaturvedi �<[52] u 2021 cJÑ
ü��{, éu?¿� α > 0 Ú c >√
2, �k?¿��Ûh k-þ�¯K�{�Cq' η"¦�©Ù�1���{�Cq'�

(1+α)·η×OPT+O(n1/2 ·
√
d·kO(1/α2))"·��±wÑ,XJ3ùp¦^ Ahmadian�<[2]

�Ñ�Cq'� 6.357�Cq�{,@o1���{�¦{�Ø��XêÚ Chang�<[50]
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����¬´ 6.358,Ó�¦�1���{�Cq'�\{�Ø�� O(n1/2 ·
√
d·kO(1/α2)),

� Chang�<[50] �ó��'�åØ�"¦�©Ù¥�1���{r Stemmer[46] �(J

¥\{�Ø� O(n1/2+a · k · max{
√
d,
√
k}) ¥�ëê n ��ê�l (1/2 + a) �ü�


1/2, =¦�1���{�\{�Ø�� O(n1/2 ·
√
d · k1+O(1/(2c2−1))), ¦{�Ø�XêE

´��~ê O(c2)"3ù�©Ù¥¦�Ì�¦^�Eâ´ JL ü�E|, ÛÜ¯aMFN
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Nissim Ú Stemmer[47] O(k) O(n2/3+a · d1/3 · k1/2)

Kaplan Ú Stemmer[48] O(1) O(n2/3+a · d1/3 · k2)
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√
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√
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